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The Association was honored in being the first scientific body invited to 
meet in the new buildings of the Massachusetts Institute of Technology. This 
privilege was keenly appreciated and the opportunity offered to inspect these 
magnificent buildings embraced by many members. The committee on arrange- 
ments, under the chairmanship of Professor H. W. Tyler, had made such thorough 
provisions for anticipating every need of those in attendance that nothing was 
left to be desired. Special mention should be made of the unique scheme of 
registration devised by the local committee whereby the names and geographical 
distribution of all in attendance were exhibited in such a way as to effectively 
promote mutual acquaintance and friendly intercourse. The opening of the 
Freshman dormitories of Harvard University for the accommodation of the 
Association also contributed greatly to the comfort and convenience of the 
members. An expression of appreciation in regard to all these matters was 
embodied in a resolution which was unanimously voted at the close of the final 
session. 

The dinner on Friday evening at the University Club in Boston was attended 
by eighty-one persons and was followed by a number of short addresses voicing 
the felicitations which were evidently in the minds of all with respect to the 
remarkable progress made by the new Association during the eight months of 
its history. The speakers were: Professor H. W. Tyler, Massachusetts Institute 
of Technology; Professor M. W. Haskell, University of California; Professor H. B. 
Fine, Princeton University; Professor T. S. Fiske, Columbia University; Pre - 
fessor J. L. Coolidge, Harvard University; Professor G. D. Olds, Amherst Col- 
lege; Professor Helen A. Merrill, Wellesley College; Professor Alexander Ziwet, 
University of Michigan; and Professor H. E. Slaught, University of Chicago. 
The remarks of Professor Fiske on the relations between the American Mathe- 
matical Society and the Mathematical Association of America are printed eise- 
where in this issue. 

An interesting feature at the dinner was the reading of the following cabie- 
gram from Professor Mittag-Leffler, dated Stockholm, Sweden, August 29, 1916: 
“Scandinavian mathematicians assembled at Stockholm send fraternal greetings 
to their American brother mathematicians.” In reply, Secretary Cairns was 
authorized to send the following message: “Members of the Mathematical 
Association of America reciprocate the hearty greetings of the Scandinavian 


FIRST SUMMER MEETING OF THE ASSOCIATION. 277 


mathematicians.” It was explained by Professor D. E. Smith that in a recent 
letter to Professor Mittag-Leffler he had mentioned the fact that the Association 
was meeting at the Massachusetts Institute of Technology on September first 
and second, and that the Society would be in session at Harvard University 
during the week following, and that this cablegram, though addressed to Pro- 
fessor Moore at the Institute, was evidently intended for both gatherings. 

On Saturday afternoon thirty-four members accepted the invitation to join 
in a trip to Wellesley for a visit to the college, dinner at the Wellesley Inn, and 
return by train in the evening. Other trips were offered on Sunday for those who 
were to remain over for the meetings of the American Mathematical Society. 

The following papers and reports were presented, in accordance with the 
program arranged by the committee under the chairmanship of Professor H. B. 
Fine of Princeton University: 

Friday Morning: 
(1) “The Teaching of Elementary Dynamics.” Proressor E. V. Hunt- 
INGTON, Harvard University. 
(2) Discussion, led by Proressor L. M. Hoskins, Stanford University. 
Friday Afternoon: 
(3) “The History of Mathematical Recreations.” Proressor Davip 
EvuGENE Situ, Columbia University. 
Saturday Morning: 

(4) “Combined Courses in Mathematics for College Freshmen.” PROFESSOR 
J. N. VAN DER Vries, University of Kansas. 

(5) “Combined Courses in Mathematics for Freshmen in Technical Schools.” 
Proressor F. S. Woops, Massachusetts Institute of Technology. 

(6) Discussion, led by Proressor W. D. Carrns, Oberlin College and Pro- 
FEssoR L. Grirrin, Reed College. 

(8) “Report of the Committee on Mathematical Requirements.” PRoressor 
J. W. Youna, Chairman, Dartmouth College. 

(9) “Report of the Committee on Bureau of Information.” PrRoressor 
J. B. Suaw, Chairman, University of Illinois. 

The opportunity for general discussion of Professor Huntington’s paper on 
Friday morning was so limited that a special session was held at the close of the 
afternoon program, when numerous members took occasion to express their 
views. Altogether, the interest in this topic was manifest and indicative of a 
desire for more discussions of this kind. 

« The paper by Professor Smith aroused keen enthusiasm and brought out 
miiny expressions of appreciation both at the time and later at the dinner in the 
evening. Historical topics in connection with mathematics have already won a 
favorable place in the estimation of members of the Association as desirable 
program material. 

The discussions of Saturday morning on “Combined Courses in Mathe- 
matics” proved exceedingly interesting and fruitful. It seems certain that some 
form of combined courses for the first year, or first two years, of college work is a 
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slogan that is steadily gaining ground, and hence careful consideration at this 
time is opportune. Many members participated in the general discussion which 
was continued as long as the time would permit. 

Abstracts of all the papers and formal discussions are given below, pending 
fuller reports which may be published later. They are numbered to correspond 
with the numbers on the program above. 

Preliminary reports of two important committees were made and these 
also are given in abstract, in order to indicate some of the lines of work which 
are already planned for the Association. 


ABSTRACTS OF PAPERS. 


(1) In his paper on the teaching of elementary mechanics, Professor Hunt- 
ington attempted to analyze the logical structure of the science by presenting a 
list of fundamental concepts in terms of which all the concepts employed in 
dynamics can be defined, and a list of fundamental theorems from which all the 
theorems used in dynamics can be deduced. 

The fundamental concepts are these: (1) Length and time, as measured by a 
meter stick and a clock; (2) forces, as measured by a spring balance; (3) inert 
lumps of matter, on which the forces act. 

The fundamental propositions are the following: (1) The principle of force 
and acceleration, as expressed in the equation F/F’ = a/a’; (2) the principle of 
the vector addition of forces; (3) the principle of the independence of two per- 
pendicular forces; (4) the principle of action and reaction. 

In terms of supporting force, W, and acceleration of falling, g, the funda- 
mental equation assumes the convenient form F = (W/g)a, where W/g may 
be called the inertia of the body. 

Among the theorems deducible from these fundamental principles, the most 
important are the theorem of the motion of the center of mass and the theorem 
of rotation, by means of which all problems in the plane motion of a rigid body 
can be solved. Next in importance are the theorem of work and kinetic energy, 
and the theorems of impulse and momentum (linear and angular). 


(2) In discussing Professor Huntington’s paper, Professor Hoskins spoke 
in outline as follows: The principles of dynamics may be formulated in various 
ways, each logically consistent. The effective presentation to the beginner 
must, however, concern itself not with mere logic; even more important is the 
physical basis. How can the ordinary experience of the learner be appealed to 
most effectively in explaining the meaning of the quantities dealt with in the 
scientific study of motion? 

In the matter of logical consistency little or no exception can be taken to the 
procedure of Professor Huntington’s paper. As regards the physical concepts 
of force and mass (or “inertia,” as it is called in his paper) the treatment seems 
to be open to certain objections. 

There is a traditional treatment of force which encourages the notion that 


is 


FIRST SUMMER MEETING OF THE ASSOCIATION. 279 


forces “manifest themselves” in some vague way independently of matter. 
It is to be feared that the “anthropomorphic” language used in the paper is 
calculated to perpetuate this vague metaphysical notion. The best way to 
remove this vagueness is to emphasize from the outset the fact that a force is 
merely a push or a pull exerted wpon one body by another body, and the further 
fact that every force is one of an action-reaction pair which concerns two bodies 
and only two. Professor Huntington’s treatment could very easily be amended 
in this respect without changing the scheme as a whole. 

The treatment of mass is open to an objection which is more firmly woven 
into the scheme as outlined. That mass (or inertia as defined in the paper) 
is an additive property of all matter is a fact so simple as well as so important 
that it ought to be explicitly recognized as a part of the physical data of the 
science. The fact that the “inertia” of a body is the sum of the “inertias”’ of 
its parts is the key to an understanding of many simple practical problems. 
Professor Huntington’s method does not even recognize the fact that adding 
matter to a body increases its “inertia” until after an analysis involving internal 
forces and the law of vector composition is given. 

The definition of units involves no serious difficulty when the quantities 
whose units are to be defined are understood. Difficulties of this kind are 
neither greater nor less in Professor Huntington’s scheme than in other schemes 
to which he objects. 


(3) The early history of mathematical recreations has not yet been seriously 
considered. The sources of the problems in the Greek Anthology are practically 
unknown, and the history of the collection itself offers an interesting field for 
further study. The same may be said of the Propositiones attributed to Alcuin, 
for we can hardly assert that a final study has been made of the internal evidence 
for or against this supposed authorship. Of the printed books on the subject 
we have no satisfactory bibliography. The Lucas list was the first serious at- 
tempt, but that is very imperfect and its imperfections were copied along with 
the correct portions in the Ahrens bibliography. Both Ball and Schubert have 
valuable notes, but neither makes any claim to completeness. 

Professor Smith explained the nature of the bibliographical work on which 
he is engaged. He then laid down several principles upon which these recrea- 
tions are founded, one of them being that certain problems started as practical 
ones in the lives of the people and maintained their standing because of the 
interesting variants which have arisen from age to age. He then traced the 
history of four of these stock problems, namely, the pipes and the cistern, the 
testament, the couriers, and the Turks and Christians. As examples of the 
bibliographical question he considered the curious history of the work of Leu- 
rechon, with which are connected the names of Van Etten (pseudonym), Mydorge, 
Ens, and several others; the history of Bachet de Méziriac’s classical work, and 
that of Ozanam with the elaborate revisions of Montucla and Hutton. 


(4) Professor Van der Vries in his paper on “Combined Courses in Mathe- 
matics for College Students” considered three questions: 
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I. The advisability of a rearrangement in the order of the content of the high 
school mathematical course, especially with respect to the first two units; 
and the probability of such a rearrangement at an early date. 

II. The content and the possible order of a unified course in mathematics for 
college freshmen based on a rearranged two units of high school mathe- 
matics. 

III. The advantages and the disadvantages of parallel courses in mathematics 
for college freshmen. 
In Section I was discussed the dissatisfaction with mathematics in general 
prevalent among public school men and the antagonism on their part, in par- 
ticular, to the present arrangement of secondary mathematics. The Mathe- 
matical Association is in a position to lend a hand in the initiation of needed 
reforms. A rearrangement in the order of the content of high school mathe- 
matics is suggested as the first step. This rearrangement need not change the 
sum total of mathematics at the disposal of the high school student who desires 
more than two units, or who plans to enter an institution requiring more than 
two units for entrance. It can be accomplished 
(a) by the postponement of the more complicated problems in algebra, especially 
those which require much detail and special gifts of ingenuity for their 
solution, and of those problems in geometry which are not necessary for 
further work, and in which the reasoning is ultra-abstract; 

(b) by the introduction of a closer union between plane and solid geometry. 

The committee of nine of the National Educational Association recommended 
in 1911 that the requirements in mathematics of a well-planned high school 
should not exceed two units on a basis of fifteen units for graduation. The 1916 
catalogs of one hundred leading colleges and universities of the United States 
show that forty per cent. require not exceeding two units of high-school mathe- 
matics for entrance, and this percentage is rapidly increasing. A rearranged 
two units, as outlined above, will not only better prepare the students entering 
these institutions than is now the case but will be of much greater value to 
those students whose mathematical training ends with their two units of high- 
school work. In rearranging the high-school curricula, there should be kept in 
mind constantly the three objectives outlined by Professor Gutzmer, of Halle, 
at the Rome Congress; namely, 

A. The strengthening of space perception. 

B. The introduction of intelligent applications and of correlation with practical 

work. 

C. Above all, training in the habit of functional thinking. 

In Section II was presented a unified course based on the rearranged two 
units of high-school mathematics suggested in Section I. The three objectives, 
A, B, C, above are again constantly kept in mind. Lack of space allows the writer 
to give here only the merest skeleton. In filling out the gaps in the outline, 
**the notions of limit, variability, rate, function and graph are so constantly 
borne in mind that when the calculus as such is introduced in the last section, 
these notions are met as familiar friends.” The main divisions are: 
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(a) Introduction and Fundamental Principles. 

(b) The Linear Function. 

(c) The Quadratic Function. 

(d) Algebraic Functions of Degree Higher than Two. 

(e) Logarithmic and Exponential Functions. 

(f) Circular Functions, Periodic Functions. 

(g) Parametric Representation, Implicit Functions, etc. 

(hk) Introduction to the Differential Calculus. 

The course is planned for five hours per week for one year. 

In section III was discussed a parallel system in which algebra and trigo- 
nometry are studied for one semester, algebra on Monday, Wednesday and Friday, 
and trigonometry on Tuesday and Thursday. This work is followed by parallel 
courses in analytics and calculus for two semesters, analytics two days per week 
and calculus the remaining three days per week. This system makes provision 
for a correlation between the parallel courses and for the earlier introduction of 
the methods of the calculus both of which are desiderata of a unified course. 
These ends are, however, accomplished without disturbing the lines of demarka- 
tion between the courses, a very desirable feature from the administrative point 
of view in the accrediting of courses. The parallel system is thus an intermediate 
step between the customary courses and unified courses. The advantages and 
disadvantages of the parallel system were enumerated in the paper. 


(5) In presenting his outline of a combined course, Professor Woods said that 
two considerations affect vitally the planning of the first year course in mathe- 
matics in a technical school. First, the course is only the beginning of a required 
course of two years or more in length, and, secondly, it must be so planned and 
taught that the students may learn to use their mathematics. 

The course in trigonometry ‘may well be retained as a distinct course. This 
is because in some engineering schools it is required for admission, and in others 
it is voluntarily offered as an admission subject by an increasing number of 
candidates. Of the work usually given under the titles of advanced algebra and 
analytic geometry, however, much may be dropped without loss, and the rest 
placed in the combined course. The result is to make it possible to begin the 
calculus earlier. 

On these lines, Professor Woods presented a course of 90 class exercises with- 
out trigonometry, or 120 exercises with trigonometry, with an ample allowance 
of time for problem work. It begins with the definition of Cartesian codrdinates 
and is for a while geometrical. It passes then to the calculus through a discussion 
of slopes and areas and closes with a thorough treatment of differentiation of a 
function of one variable. The student is introduced to the concept of a definite 
integral as a limit of a sum and does some simple integration, but a systematic 
study of integration is postponed to the second year. The discussion of functions 
of two or more variables and of solid analytic geometry is also postponed. 


(6) Professor Cairns compared the two types of courses proposed by Pro- 
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fessors Van der Vries and Woods with those which had been previously proposed 
and published in the Montuty in December, 1915, and April, 1916, the former 
by Professor F. L. Griffin, and the latter by Mr. J. A. Nyberg. He spoke of the 
lethargy among college teachers with respect to considerations of both content 
and method. He emphasized the desirability of open-minded and critical 
examination not only of arrangement of courses but also methods of presentation. 

Professor Cairns would have more concrete teaching at the outset in freshman 
courses and would introduce the notion of “rate of change” earlier than is done 
in the outline proposed by the two speakers mentioned above. He would dis- 
place the more advanced parts of trigonometry, college algebra, and analytic 
geometry by the inclusion of the simpler parts of integral as well as differential 
calculus. This last is demanded by the manifold applications which teachers 
of chemistry, economics, statistics, biology, etc., desire to make in advanced 
college courses. He pointed out that more than fifty per cent. of colleges and 
universities offer only three-hour courses in the freshman year, but that even 
within the field thus narrowed the same choice of subjects and treatment is 
possible and that the reports of successful experiment along this line are en- 
couraging. 


(7) In the absence of Professor Griffin a communication from him was read 
by Professor Dunham Jackson of the program committee. He mentioned 
certain disadvantages involved in the plan of teaching trigonometry, college 
algebra, analytic geometry, and calculus separately: 

(1) The relation of these subjects to each other as parts of a unified whole 
cannot be seen until several successive courses have been taken. This is en- 
tirely lost to the student who can take only one year’s work. 

(2) Students of the natural and social sciences, who need increasingly an 
elementary general knowledge of mathematical analysis, are unable to get it 
early enough. 

(3) Even the students specializing in mathematics do not gain facility in 
drawing upon one subject for help in another. 

The four-hour course for one year described in the Montuty for December, 
1915 (the type advocated by Professor Cairns), gives students a fair command 
of the essential principles and simpler processes of the subjects named. Plane 
and solid geometry and algebra through quadratics form a prerequisite, although 
many students have carried the course successfully with less preparation; indeed 
solid geometry is a luxury rather than a necessity. Trigonometry should be in- 
cluded in the combination course because trigonometric analysis will mean more 
there and because this will avoid duplication. Such a course, which may well be 
available even for the fourth year in the stronger high schools, will meet our 
obligation to the non-specialist students, and will also be advantageous to the 
specialists. 
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PRELIMINARY REPORT OF THE COMMITTEE ON MATHEMATICAL REQUIREMENTS. 


The Committee on Requirements consists of Professor J. W. Youne, Chair- 
man, and Professors A. R. CratHorneE, E. H. Moors, D. E. Suira, and OswaLp 
VEBLEN. ‘The purpose and scope of the work of this committee is indicated 
in the following list of questions tentatively adopted by the committee as a basis 
of procedure: 

I. What general educational values (utilitarian, disciplinary, cultural) can 
actually be secured by the study of mathematics? 

II. What should be the primary purposes of mathematical instruction? 

III. What topics and what treatment of these topics will best serve to realize 
the values and purposes under I and II? 

IV. How much of the content included under III should be required (a) of 
all students in secondary schools; (b) for college entrance; (c) of all students in 
college? 

V. What should be the preparation of teachers in secondary schools and in 
colleges? 

For the purpose of the discussion as to secondary school mathematics the 
committee has voted in favor of a national joint committee as requested by the 
New England Association of Teachers of Mathematics. The specific suggestions 
of Professor Tyler, who was chairman of the committee on secondary school mathe- 
matics of the New England Association, as to the method of formation of such a 
joint committee were also adopted. In accordance with these suggestions, the 
Committee on Requirements will request the New England Association, the 
Association of Teachers of Mathematics of the Middle States and Maryland, 
and the Central Association of Science and Mathematics Teachers each to 
appoint one representative (who shall be a secondary school teacher), these 
three to join with the Committee on Requirements of the Mathematical Associa- 
tion of America to form the national joint committee for the discussion of mathe- 
matical requirements in secondary schools. 

The committee voted further to ask Professor i. W. Tyler, of the Massa- 
chusetts Institute of Technology, to serve as a member of the committee, and 
Professor Tyler has consented. 

The committee also voted to ask the Council to authorize it to still further 
enlarge its personnel from outside the membership of the Association, if in 
its opinion such action would serve the best interests of the committee. This 
authority was subsequently granted by the Council. 


PRELIMINARY REPORT OF THE COMMITTEE ON BUREAU OF INFORMATION. 


Since this is a new venture in the history of mathematical societies, only a 
tentative program can be laid down. The Bureau is the outcome of a feeling, 
on the part of some who have had the opportunity of visiting many teachers of 
mathematics, that a large part of the profession is handicapped by very inadequate 
sources of information, and that many questions arise in their work, which can 
scarcely be answered save through the use of adequately equipped libraries 
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which they are not likely to possess. A hesitancy to burden men in the larger 
institutions generally leaves these questions completely unanswered. Conse- 
quently it was felt that if a regular Bureau of Information were established to 
which questions of any character regarding mathematics might be sent (with 
certain specified exceptions mentioned below) there would ultimately be a great 
gain to American mathematics. 

This Bureau has now been established, with the following members, who 
have volunteered to undertake the labor: Professor J. B. Saaw, Chairman, and 
Professors J. L. L. P. Ersennart, W. B. Fire, M. W. 
and W. A. Hurwitz. All questions should be sent directly to Professor J. B. 
Shaw, University of Illinois, Urbana, Illinois, whence they will be distributed to 
the committee. The answers will be published if of general interest, otherwise 
they will be sent by mail to the questioners. 

The following classes of questions should be sent elsewhere as indicated: 

(a) All problems, which should go to the problem department. 

(b) All questions which are merely subjects for discussion, as for instance see 
page 221 of volume XXIII of the Monruty; these should go to the depart- 
ment of Questions and Discussions. 

(c) Questions whose answer must be largely only personal opinion; as for instance, 
“What is the best freshman trigonometry?” See class 7 below. 

(d) Questions as to courses of reading, lists of new books, and the like, which 
should go to the Library Committee. 

(e) Questions of a purely pedagogical character; as, for instance, “ When should 
vector analysis be introduced?”’ See class 5 below. 

The following classification of questions proper to be sent to the Bureau is 
tentative and subject to revision as experience shows the desirability: 

(1) Explanations of terms used and not generally found in the elementary 
texts; as, adjunct equation, Heine-Borel theorem, Mathieu function. 

(2) Explanations of new branches of mathematics, their significance, relation 
to older branches, references to elementary treatments, references to 
applications; as orthogonal functions, difference equations, general analysis. 

(3) Inquiries as to supposed theorems; as, Cauchy’s theorem, Green’s theorem, 
Goldbach’s theorem. 

(4) References to treatments of specific topics; as, Abelian groups, theta func- 
tions, topology, Latin squares, crinkly curves, linkages, non-euclidean 
sphero-conics. 

(5) Bibliographical references. The committee will indicate where bibli- 
ographies of general or special topics may be found, will complete im- 
perfect references, will indicate the more important memoirs to be con- 
sulted with reference to given subjects of investigation, and will furnish 
any other assistance which does not demand too much expenditure of 
time. 

(6) Historical references will be indicated so far as possible, although the 
committee will not undertake categorically to assign priority anywhere. 
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(7) Book reviews will be indicated, in order that inquirers may know where 
to find some information as to a book. 

(8) The location of journals and other books in the libraries of the country 
will be indicated, particularly in those libraries which maintain an inter- 
library loan system. Most institutions of good standing can borrow 
books for a period of a month by paying the transportation charges. 

(9) Questions as to the courses offered by the mathematical departments of 
American and foreign universities will be answered; as for instance, 
lectures to be given, the prerequisites for admission, conditions to be 
fulfilled for a degree, method of obtaining scholarships and fellowships, 
and any other attainable information. 

(10) Information as to mathematical societies, congresses, prizes, etc. 
The Bureau will follow as its standard in references and other matters of 
form the Encyclopédie des Sciences Mathématiques. 


MEETING oF INSTITUTIONAL DELEGATES. 


A meeting of delegates from institutions holding institutional membership 
in the Association was held on Friday morning. Eighteen institutions partici- 
pated through their officially appointed delegates as follows: 

Amherst College, Dean G. D. Olds; 

Case School of Applied Science, Professor T. M. Focke; 

University of Chicago, Professor H. E. Slaught; 

Dartmouth College, Professor J. W. Young; 

Elmira College, Professor A. H. Norton; 

George Washington University, Professor H. L. Hodgkins; 

University of Georgia, Professor R. P. Stephens; 

Iowa State College, Professor E. W. Stanton; 

University of Kansas, Professor J. N. Van der Vries; 

University of Maine, Professor J. N. Hart; 

University of Michigan, Professor J. L. Markley; 

Middlebury College, Professor L. R. Perkins; 

University of Missouri, Professor E. R. Hedrick; 

Oberlin College, Professor W. D. Cairns; 

Ohio Wesleyan University, Professor G. N. Armstrong; 

Washington University, Professor C. A. Waldo; 

Wellesley College, Professor Helen A. Merrill; 

Wesleyan University, Professor B. H. Camp. 

Inasmuch as the purpose of the meeting was to consider the possible questions 
of an institutional character which such a body of delegates might well discuss, 
and since many other institutions are considering the desirability of becoming 
institutional members, it was deemed advisable to invite to this meeting any 
representatives in attendance from other institutions who might be interested. 
In this way the following additional institutions were represented: University of 
Alabama, Boston University, Brown University, Catholic University of America, 


4 
i 
i 


286 FIRST SUMMER MEETING OF THE ASSOCIATION. 


Columbia University, Franklin College, Harvard University, Massachusetts 
Institute of Technology, University of Nebraska, University of Pennsylvania, 
Princeton University, Stanford University, Syracuse University, University of 
Texas, Tufts College, and Yale University. 

On the basis of suggestions from various members, the following may be 
stated as some of the reasons why institutional membership is desirable and 
why the delegates from such institutions might well hold a separate meeting 
for the discussion of questions of an institutional character: 

(1) Institutional membership secures two copies of the MonTHLY, one of which 
can be used in the departmental library or by the local mathematical club for the 
stimulation of interest among the advanced students and for the dissemination 
of intelligence concerning mathematical activities throughout the country. 

(2) Institutional members are entitled to send voting delegates to all meetings 
of the Association, and such delegates would constitute the constituency inter- 
ested in discussing the questions of an institutional character, such, for example, 
as the following: 

(a) Requirements in mathematics for admission to college and for the Bach- 
elor’s degree. These questions are at present undergoing reconsideration and 
should have the attention of those who are mathematically qualified to speak with 
some authority. 

(b) Changes in the curricula as regards undergraduate courses in mathe- 
matics. These questions are also undergoing careful consideration, and every 
institution should be vitally concerned to know what other institutions are 
doing and why radical modifications are being proposed, such, for example, as 
the “Combined courses” discussed at this meeting, or the question of intro- 
ducing the subject of projective geometry as early as the sophomore year, con- 
sidered by Professor Bussey in the November 1913 issue of the Monruty. 

(c) Questions concerning mathematical libraries, such as the best selection 
of books for a small library, say of 200, 300, or 500 volumes, the best means of 
purchasing such lists of books, the best methods of administering such libraries 
in the interests of the students. Advisory pronouncements by this body, after 
careful consideration, will be of the utmost advantage in enabling the smaller 
institutions to secure libraries where none now exist or where the existing facilities 
are entirely inadequate. In this connection the institutional delegates would 
naturally work with the committee of the Association on libraries already 
appointed. 

On motion of Professor J. N. Van der Vries, it was unanimously voted that 
the institutional delegates should meet as a separate department for the dis- 
cussion of questions of an institutional character, and that a committee of dele- 
gates be appointed to prepare such a program for the next meeting, the chairman 
of this committee to be the presiding officer at this meeting and one of its members 
to act as secretary of the meeting. 

The general impression of those in attendance at this meeting was that there 
is ample opportunity for wide usefulness through departmental meetings of 
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institutional delegates, and that it is well worth while for institutions to become 
members and take part in such meetings. 


MEETING OF THE COUNCIL OF THE ASSOCIATION. 


The Council held two meetings, nine members being present on each occasion. 
The following is an outline of the business transacted. 

(1) The Council having already voted to hold the annual meeting in New 
York City during the Christmas holidays, in affiliation with the American 
Association for the Advancement of Science, it was decided to appoint two com- 
mittees for this meeting, one on program and one on arrangements. Professor 
T. S. Fiske has since been asked to act as chairman of the latter committee and 
has consented to act. The further committee appointments will be announced 
in the next issue of the Montuty. The exact time and place of the meeting 
was left to be arranged in conference with the committees of the American Associa- 
tion for the Advancement of Science and the American Mathematical Society. 

(2) With the approval of the Council, the President has empowered the 
Committee on Mathematical Requirements to invite certain local associations 
of teachers of mathematics (See the report of this committee given above) to 
appoint representatives from their organizations as additional members. This 
action was taken in response to a suggestion made by the New England Asso- 
ciation of Teachers of Mathematics through Professor Tyler. The Committee 
was also empowered to add others to its membership, if it is so desired, from 
outside the Association. 


(3) The following eight institutions, on applications duly certified, were 
elected to institutional membership, making the total number now 61: 


George Washington University, Washington, D. C. 
Shurtleff College, Alton, Ill. 

Drake University, Des Moines, Ia. 

Wellesley College, Wellesley, Mass. 

Dartmouth College, Hanover, N. H. 

Elmira College, Elmira, N. Y. 

New York University, New York, N. Y. 

State Normal School, La Crosse, Wis. 


(4) The following thirteen persons, on applications duly certified, were 
elected to individual membership, making the total number now 1063: 


Winona M. Perry, Judson College, Marion, Ala. 

W. A. Moore, Montgomery, Ala. 

Grace E. Berry, Pomona College, Claremont, Cal. 

Frank Langellotti, Nautical Almanac Office, Washington, D. C. 

H. M. Roeser, Bureau of Standards, Washington, D. C. 

P. W. Hill, Wabash College, Crawfordsville, Ind. 

W. J. Fisher, Honorary Fellow in Physics, Clark University, Worcester, Mass. 
C. A. Garabedian, New Hampshire State College, Durham, N. H. 
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W. O. Wiley, with John Wiley & Sons,. New York, N. Y. 

J. A. Hacker, Sioux Falls College, Sioux Falls, S. D. 

W. E. Boren, State Normal School, Milwaukee, Wis. 

L. H. Clark, State Normal School, River Falls, Wis. 

Mary B. McMillan, State Normal School, River Falls, Wis. 


(5) The Council next considered the report of a committee, consisting of 
Professor E. H. Moore, Chairman, and Professors R. C. Archibald, Oswald 
Veblen, and Alexander Ziwet, which was appointed last Spring to consider and 
report upon the advisability of fostering the production and the publication of 
articles of an expository and historical nature. 

In view of the fact that the number of papers of high character at present 
being produced in this field is small, this committee decided that it would be 
wise to learn whether an arrangement could be made with the Annals of Mathe- 
matics, which now publishes such articles, for developing this field. After corre- 
spondence and conference the committee learned that the Board of Editors of 
the Annals was willing to enter into an agreement of the nature described below. 

The proposed agreement provides that, for a period of three years, beginning 
in September, 1917, in consideration of an annual subvention of three hundred 
dollars from the Association, the Board of Editors of the Annals will increase the 
size of the Annals from 200 (its present size) to 300 pages. The added pages will 
be devoted to expository articles of suitable character so far as these can be 
secured. The Board of Editors will also fix a subscription price for individual 
members of the Association to be one-half the ordinary price, which latter would 
probably be three dollars. 

Under this agreement the exclusive editorial control of the Annals remains 
with its present Board of Editors, but the Board agrees to make no change in 
its present policy without conference and agreement with the committee repre- 
senting the Association. 

At the end of the three-year period this agreement may be renewed by the 
consent of both parties; but if not, it is agreed that the Board of Editors of the 
Annals shall thereafter conduct the Annals as a journal devoted primarily to 
research, yielding the field of historical and expository articles (not necessarily 
absolutely but principally) to the publications of the Association. 

The committee recommended that this proposed agreement be ratified and 
adopted by the Association. After careful consideration, the Council voted unani- 
mously to submit this agreement to the members of the Association through 
the official journal, in accordance with the provisions of Article III, Section 3 of 
the Constitution. This agreement will go into effect only if ratified by the Council 
after the views of members of the Association have been ascertained in accordance 
with that provision. (See copy of the Constitution and By-Laws in the supple- 
mentary matter in this issue.) 


E. R. Heprick, 
President, 

W. D. Carrns, 
Secretary. 
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USE OF TRANSCENDENTAL EQUATIONS IN ANALYTIC GEOMETRY. 
By W. R. LONGLEY, Sheffield Scientific School. 


The changes in the teaching of college mathematics during the last ten or 
fifteen years have been made with varying degrees of rapidity in different insti- 
tutions. The more radical members of the teaching profession have abolished 
separate courses in trigonometry, analytic geometry, and calculus and have sub- 
stituted a sequence of courses consisting of Mathematics I, Mathematics II, etc., 
the content of each course being a function of several variables. Among the 
more conservative, the classic names of courses have been retained but the content 
and emphasis have been more or less altered. This is particularly noticeable in 
analytic geometry. Some years ago an elementary course in this subject was 
synonymous with a thorough study of the properties of the conic sections. The 
tendency now is toward a very brief treatment of conics and the introduction of 
other material having a closer connection with problems of physics and en- 
gineering. 

This movement is in line with the growing utilitarian bias of education in 
general and its chief impetus has come from the criticisms and demands of en- 
gineers and scientists who have use for mathematics as a tool. The teacher, 
trained as a pure mathematician, has yielded each point reluctantly with the 
feeling that the beauty and elegance of his subject are being destroyed. The 
beauty and elegance may possibly be preserved in some academic institutions 
but receive scant consideration in the technical schools, where it is felt that some- 
thing has been wrong with the courses in mathematics. The engineering student 
has not been able to use the mathematics of thé class room, and the value of the 
mental training received has been questioned. 

The desire to improve the product of the department of mathematics, as 
measured by the ability of the student to use mathematics in technical and 
scientific work, is causing the experiments now being made. In a general way 
the ends to be attained are twofold. The first is the cultivation of the power of 
logical reasoning and the second is the ability to use mathematics as a tool. 
When the first end alone is sought, experience shows that the average student 
acquires little, if any, power to make practical applications, while a certain amount 
of emphasis upon the utility of topics and methods studied does not necessarily 
detract from their value as mental discipline. The problem before the teachers 
is the establishment of a proper balance. 

It is to be expected that the solution of this problem will be accomplished by 
short steps and after a large number of trials. One step which has been taken 
by several writers of recent texts and which has been tried with success in the 
Sheffield Scientific School is the introduction of transcendental equations as a 
topic in analytic geometry. The problem is to solve an equation involving alge- 
braic, trigonometric, exponential, and logarithmic expressions, for example, 
1 — x = 2 sin z, e~* = tan rz, etc. The method is to determine the number 
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and approximate value of the roots graphically, for example, as the abscissas of 
the intersections of the curves y = 1 — x and y = 2 sin x. Certain roots are 
then calculated to a specified degree of accuracy by the use of numerical tables. 
The advantages of this work may be grouped under three heads. 

In the first place it offers an opportunity to the teacher to test and correct 
the mathematical knowledge which the pupil should have acquired by previous 
study. The curves involved in any problem are being used as tools and, using 
them in this way, the student learns more of their properties than by merely 
studying the curves for their own sake. For some reason, difficult to explain, 
there is a wide difference between drawing a curve as an intermediate step in 
obtaining an ulterior result and in doing the exercise: “ Plot the locus of 
y = 4-— 2°.” The theory of logarithms, radian measure of angles, trigonometric 
and exponential-expressions have to be used, and if any hazy ideas lurk in the 
mind of the student the teacher has no difficulty in discovering the fact. 

A second advantage lies in the preparation for work to follow. For the cal- 
culus, it is a distinct help to have acquired familiarity with the behavior of trigo- 
nometric functions as functions (of a variable expressed in radian measure) and 
mot merely as expressions occurring in formulas for the solution of triangles, 
and to have used exponential functions and logarithms to the base e. For the 
technical courses, the methods used here constitute an important introduction to 
the construction and use of engineering charts, graphical tables, and nomography. 

The third and, perhaps, chief benefit lies in the use of numerical tables of 
different kinds with insistence upon good methods and accuracy in computation. 
The teacher frequently loathes numerical calculation and thinks of mathematics 
as the science of avoiding computation. It is of the greatest importance to con- 
sider means of avoiding unnecessary computation, but the habit of neglecting 
numerical work accounts for much of the dissatisfaction which outsiders feel 
toward the department of mathematics. Scathing criticism of the inability of 
college graduates to spell and to use the English language is forcing the teachers 
of English to give more time to fundamentals which should have been mastered 
in the preparatory school. The situation is much the same so far as arithmetic 
isconcerned. A large percentage of students coming to college (with trigonometry 
as an entrance requirement) are not able to use numerical tables and do ordinary 
arithmetical calculations with speed and accuracy. Unless special attention is 
given to it, a two-year course in analytic geometry and calculus does not correct 
the deficiency. Inaccuracy in numerical work is, in general, a habit which the 
teachers have allowed to develop by giving too much credit for the “ right 
method ” of solving a problem. The student has come to think that it is suf- 
ficient if he “‘ knows how ” to do a certain thing and feels a rude shock when 
told by an employer or by an instructor in a technical course: “I care nothing 
about what you know; the only thing that counts here is what you can do.” 
There is a big gap when the teacher of mathematics merely shows that it is 
theoretically possible to compute a certain quantity, but omits the actual com- 
putation. It is the existence of this gap that accounts, to some extent, for the 
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fact that so few engineers and scientists actually use their college mathematics. 
The closing of this gap is an important step in the improvement of the teaching 
of undergraduates. 

In view of the importance of the methods and the value of the practice in 
solving transcendental equations it seems worth while to give more attention 
to the topic than is usually done. The texts now merely give a few such equations 
for solution with no indication of how they may arise. Some instances where 
this can be done occur in the subject matter of analytic geometry. For example 
the maximum and minimum points on the curve y = x cos x are given by the 
roots of the equation x = cot zx. The points of intersection of two polar curves 
of which one is a spiral (9 = a@ or p = e”’) while the equation of the other involves 
trigonometric functions are found by solving a transcendental equation. While 
this introduces nothing new theoretically it causes difficulty because the method 
of solution has been developed with reference to rectangular codrdinates. 

In college mathematics, as in high school work, a greater significance is given 
to any topic by the introduction of some problems having a physical meaning. 
The first of the following examples is a real problem which arose in some con- 
struction work and was brought to a college instructor after every member of a 
large force of employees in an engineering office had exhausted his knowledge of 
algebra in an attempt to solve it. The equation is easily deduced by elementary 
mathematics. The equation in the second can not be deduced without a knowl- 
edge of mechanics, but the meaning of the problem and the significance of the 
solutions can be explained by a simple model, which may consist merely of a 
book and pencil. 


Problem 1. A circular arch, ACB, 14 feet long, is to be constructed with an altitude CD = 2 
feet. Required the radius of the circle. 


A D B 


Fia. 1. 


If x denotes the reciprocal of the radius, this problem leads to the equation 
1 — 22 = cos 72. 


Problem 2.1. A uniform rod is freely movable on a rough inclined plane, whose inclination 
to the horizon is i and whose coefficient of friction is 4, about a smooth pin fixed through the 
end A; the bar is held in the horizontal position in the plane and allowed to fall from this position. 
If 6 be the angle through which it falls from rest show that sin 6 = m@, where m = yu cot i. 

The problem may be generalized by allowing the rod to fall from a position 
6 = 6 instead of from the horizontal position 6 = 0. In this case, if @ increases 
as the rod falls, the next position of rest is given by the value of @ from the 


1The statement of this problem is taken from Loney’s Dynamics of a Particle and of Rigid 
Bodies (Cambridge, 1909), example 5, p. 217 
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equation (1) sin 6 — m@ = sin 6’ — m6’, and, if 6 decreases, @ is found from 
(2) sin 6+ m6 = sin 6’ + m6’. Suppose the rod is allowed to fall from the 
horizontal position ABo(@) = 0). It swings to the position AB,(6 = @,), then 
back to the position AB,(6 = 62), and, after a finite number of swings, comes to 
rest. Successive applications of equations (1) and (2) show that the angles 6, 
62, etc., are given by the abscissas of the points P:, Pe, etc., of Fig. 3. Each 
segment of the zigzag line OPiP:P; which is directed toward the right (OP, 


Fic. 3. 


P.P3) has the slope m, and each segment which is directed toward the left 
(P,P2) has the slope — m. The figure is drawn for 71 = 45°, n= 1/5. By 
setting 6’ = 0 in equation (1) the value of 6, is found to be 2.595 radians. Hence 
the angle B)AB, is equal approximately to 149°. By setting 6’ = 2.595 in equa- 
tion (2) the value of 4: is found to be 0.996 radians. Hence the angle ByAB: 
is equal approximately to 57°. By setting 6’ = 0.996 in equation (1) the value 
of 63 is found to be 1.733 radians. Hence the angle ByAB; is equal approximately 
to 99°. A line drawn from P; with slope — m will not intersect the arch of the 
sine curve. The force equations of the mechanical problem show that the rod 
will not move from this position. 

Problem 3. The diameter of a bicycle wheel is 28 inches and the valve is at the lowest point 
of the wheel. The wheel is rolled forward until the valve is N inches ahead of its original position. 
Through what angle has the wheel turned? Assuming that the valve is 12 inches from the center 
of the wheel the equation to be solved is N = 146 — 12 sin 6. 

Problem 4. Given a string wrapped around a circle. The locus of the end as it is unwound 
is the involute of the circle, x = r cos 6+ 70 sin 0, y =r sin 6 — 76 cos 6. Find the length 
unwound when z or y have given values. 

Problem &. The equation of a damped vibration has the form x = ae~** sin ct. To find the 


time when the moving point is at a given distance D from the center, the equation would be put 
in the form De® = a sin ct. 


A DIFFERENTIATING MACHINE. 
By ARMIN ELMENDORF;,! University of Wisconsin. 


A differentiating machine, as its name implies, is a device for drawing the 
differential or rate curve of any given curve, whether the latter be a curve 
plotted between two variables connected by an algebraic equation or an empirical 
curve obtained from experimental data. Its primary interest lies in its use for 


1 Instructor in the Department of Mechanics. 
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developing rate curves in various technological fields. The problem of rail 
friction, especially around curves, may be investigated by the use of a machine 
drawing the rate-of-change-of-velocity curve from velocity time data. From 
the rate or acceleration curve the friction force on the rails is readily computed 
by simple relations of mechanics. Many other instances could be cited in which 
rate curves are of great significance. By the use of the machine, load-deflection 
curves in impact on beams may be obtained, stresses in beams may be deter- 
mined when the elastic curve is known, and from statistics such information 
as mortality and immigration rates become available. 

As is well known, the slope of the tangent at any point on a curve is repre- 
sented by the differential expression dy/dx when the curve is plotted in rectan- 
gular codrdinates, and if it is desired to plot the rate dy/dx against the variable x 
it is necessary to determine the magnitude of the slopes by some mechanical 
means. This involves first the exact location of the tangent. The differenti- 
ating machine designed by the author uses for this purpose a small silver mirror 
which, when set vertically upon the curve, shows the image of the curve. When 
the image and the curve form a continuous line without a cusp at the junction of 
the curve and its image the reflector is exactly normal to the curve. Referring 
now to Fig. 1 in which it is assumed that the tangents have been exactly located, 
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it is seen that, if a series of horizontal lines of constant length a=1 be drawn from 
points along the given curve MN, the vertical distances intercepted by these hori- 
zontal lines and the tangents measure the slope at the various points. Thus BC 
represents the slope at the point (1), B’C’ that at point (2), etc. In Fig. 2 these 
distances have been plotted as ordinates giving the differential curve M’N’. 

The next consideration is, then, the design of some device that will plot the 
variable distances between the two dashed lines of Fig. 1, as ordinates to a given 
base line. 


The simple machine illustrated in Fig. 3 fulfills all the kinematic relations 
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embodied in the motions of the finished machine shown in Fig. 4. The mirror 
T is set so that the small scratch on the lower edge of the mirror which is vertically. 
under the point 0 is upon the curve MN, thereby locating the tangent OB. The 
pin at B is free to slide in the tangent bar and also in the vertical arm EC. Link 
L is the base line of constant length. It is free to move in the horizontal slot of 


Fig. .3. 


the carriage K, so that as the pivot O follows the curve MN, B traces the upper 
dashed line and C traces the lower line. Motion of the point B is transmitted 
through a yoke U, Fig. 3, to the tracing point P, enabling the pin B to pass 
under the point C as happens when the slope changes over from positive to neg- 
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ative values. When the pin B is under C, the tangent bar is horizontal, in- 
dicating a zero slope, and P is down at the base line. As the slope is increased 
the distance BC is increased and P is drawn up a distance equal to BC; in other 
words y’, the distance drawn up, is in general the slope at some point on MN, or 
M‘N’ on the carriage is the differential curve of MN. Fig. 4 clearly shows the 


Fig. 4. 


two grooves at right angles, one for the carriage and the other for the vertical 
arm. The mirror is set upon a circle. The tube S is graduated on its upper face 
so that the operator may obtain the numerical value of the slope at any point 
by noting the reading under the indicator at R. 

In practice the best results are obtained by plotting a series of points on the 
differential curve and subsequently drawing a smooth curve through these points 
by hand. The machine has a slope capacity of about 4.5 but this may be changed 
by varying the length of the link a. For slopes of unity or less fairly smooth 
continuous curves may be drawn after some experience. The difficulty of ob- 
taining a smooth continuous differential curve will probably remain as an im- 
perfection in all differentiating machines, however perfect mechanically, when 
the location of the tangent is left to the operator. However, the “ point-by- 
point ” method, as a great many tests have verified, gives very accurate results, 
and only the time lost in filling in the curves by hand would be gained by the con- 
tinuous process. 
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RELATIONS BETWEEN THE ASSOCIATION AND THE SOCIETY? 


Mr. Chairman, Ladies, and Gentlemen: I am very sorry that Professor Ernest 
William Brown, of Yale University, President of the American Mathematical 
Society, could not be here to greet and encourage the Mathematical Association 
of America on this occasion. As an old friend of his I think that I know what 
his feeling would be on this occasion. As a member of the Council of the Ameri- 
can Mathematical Society and as the member of the Society of longest standing 
present at this meeting (although I say this with some diffidence in the presence 
of Professor Fine and Professor Woolsey Johnson, who twenty-five years ago 
helped to bring about the transformation of the small New York Society into a 
society of national scope), possibly I may take on myself the pleasant duty of | 
expressing to the new Association the felicitations of the older Society. The 
infant is beginning its activities with much greater resources and with much 
greater physical vigor than characterized the older Society. After twenty-five 
years of constant but comparatively slow growth the American Mathematical 
Society has a membership of less than 800, while the new Association now on 
the day of its first meeting numbers considerably over 1,000. 

These two organizations must have intimate and friendly relations for many 
reasons. In the first place, they have a large body of members in common. 
Men who have played a very important part in the scientific activities and in 
the administrative conduct of the American Mathematical Society have had a 
great deal to do with the establishment of the Mathematical Association of 
America. In the second place, they have, to a large extent, a common aim, or 
more accurately, closely related and mutually helpful aims. It is, therefore, 
almost inconceivable that there should be anything but the most friendly rivalry 
between these bodies. They can be only allies and staunch supporters of each 
other. The primary aim of the American Mathematical Society is the advance- 
ment of mathematical science by the stimulation of research. I take it that the 
primary aim of the Mathematical Association of America is the advancement of 
mathematical science by the stimulation of teaching. Those who are interested 
in contemporary research will naturally wish to attach themselves to the former. 
Those whose time and strength are largely given to undergraduate teaching may 
find the latter more helpful. For my part I am inclined to think that every 
American mathematician should wish to belong to both organizations. 

Let us hope that as the Mathematical Association grows in size and influence 
it may find itself possessed of sufficient funds to enlarge the scope and number of 
its publications. It may be able to prepare and publish extensive reports on 
different phases and aspects of mathematical teaching, thus continuing and 
supplementing for this country the work begun by the International Com- 
mission on the Teaching of Mathematics. Then again, it may be able to under- 
take or assist in the publication of monographs or treatises which would tend 


1An address given at the dinner of the Association in Cambridge on September 1, 1916, by 
Professor Thomas S. Fiske, Ex-President of the American Mathematical Society. 
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to elevate the standard of teaching. Such works sometimes hold forth no 
prospect of financial return. Abroad they often have the moral support and 
financial assistance of the government. But in this country some other agency, 
perhaps the Mathematical Association of America, must supply the need. 

In concluding these brief remarks I wish to recommend to all who have not 
done so recently that they read the address delivered by the late Dr. Emory 
McClintock on the occasion of his retirement from the presidency of the Ameri- 
can Mathematical Society in December, 1894. This address entitled “The 
Past and Future of the Society” was published in the Bulletin for January, 1895. 
From it I will quote a paragraph which should be of special interest to this 
newly established Association and of which a few lines have a ring almost pro- 
phetical: 

“While the Society is not directly concerned in encouraging the study of 
the higher mathematics among the young, its indirect influence in that direction 
has undoubtedly been felt, and must be felt increasingly as time goes on. Years 
ago, when the present century was much younger, the course of study in our 
colleges was so arranged as to give a large proportion of the time of the under- 
graduates to the study of mathematics. Subsequently, the tendency in colleges 
having uniform courses of study was to cut down the number of hours given to 
this science, as well as to the classics, and to parcel out the time among the 
modern languages and various sciences. It is believed that even already the 
organization, the meetings, and the publications of the Society have, by the effect 
of numbers in association, perceptibly strengthened the tone of the mathe- 
matical departments of many institutions of learning and assisted in enabling 
them, more or less successfully, to stem the hostile tide of sentiment to which 
I have just referred. I say ‘assisted,’ for other agencies, especially the journals, 
have done great good. That the dissemination of knowledge concerning the 
gigantic strides lately made and still making in mathematical science must in 
the future have the same favorable effect to an even greater extent is not to be 


doubted.” 
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SEND ALL COMMUNICATIONS TO W. H. Bussey, University of Minnesota. 


TRIGONOMETRIC AND LOGARITHMETRIC TaBLES. By George Wentworth and 
David Eugene Smith. Ginn and Company, Boston. v + 104 pages. $0.60. 

AN INTRODUCTION TO THE USE oF GENERALIZED COORDINATES IN MECHANICS 
AND Puysics. By William Elwood Byerly. Ginn and Company, Boston, 1916. 
vii + 118 pages. $1.25. 

ENGINEERING APPLICATIONS OF HiGHER Matuematics. By V. Karapetoff. 
Part 1, Problems on machine design. Part 2, Problems on hydraulics. Part 3, 
Problems on thermodynamics. Part 4, Problems on mechanics of materials. 
Part 5, Problems on electrical engineering. John Wiley and Sons, New York, 
1916. xv + 69, v + 103, v + 113, v + 81, v + 64 pages. $0.75 per volume. 
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Mopern Business AriTHMeTiC. By H. A. Finney and J. C. Brown. 
Henry Holt and Company, New York, 1916. v + 298 pages. 

PLANE AND Sotip Geometry. By William Betz and Harrison E. Webb. 
With the editorial codperation of Percy F. Smith. Ginn and Company, Boston, 
1916. xii + 507 pages. $1.36. 


BOOK REVIEWS. 


Subjects for mathematical essays. By CHARLES Davison. Macmillan and Co., 
London, 1915. x-+ 160 pages. $1.90. 


At the outset we may say that the book can be used to advantage as a col- 
lection of problems by any teacher of mathematics. This, however, is not the 
object suggested by the title or by the author in his preface. ‘‘ The object of 
what are here called ‘ mathematical essays’ is to codrdinate a pupil’s knowledge 
on certain subjects not specially dealt with in textbooks.” 

Some of the essays certainly give the opportunity for codrdination, though the 
animadversion on textbooks seems not always just. On page 114 we find “State 
and prove the leading properties in the theory of determinants,” and on page 115 
“‘ Discuss the principle of proportional parts as applied to mathematical tables.” 
It is not necessary to assume that the ‘ pupils’ are prepared to give presidential 
addresses to learned societies to explain the presence of these ‘ subjects.’ The 
trade mark (Trin. 1910) reveals that the pupils are preparing for scholarship 
examinations where they will be met by a perfectly cynical examiner who throws 
in just such questions for the purpose of separating the candidates widely. 

The essays are not all of this type however; they descend to quite elementary 
sets of codrdinated examples. Among the ways of codrdinating the field of 
elementary mathematics we can scarcely expect to find many of really fundamen- 
tal interest. A few styles occurring here may be noticed. 

Euler’s product theorem, page 81, has this set: 

1. Prove that 

6 
sin = 2” COS 5 COS 55 COS 53 COS5, SIND; - 


2 23 Qn 


2. Prove that 
6 6 6 . 6 
Lim ( COS cosy: ) = sing, ete. 
Here coédrdination apparently consists in taking the purely formal steps in the 
‘ proof of a theorem and giving them as separate problems in the order required. 
If any object other than mnemonic is served it is hidden. The worst modern 
text would presumably say something about the convergence of an infinite product 
if only something wrong. 
In “ Euler’s Polyhedron Theorem ” (page 61) we have: 
1. If a cube be constructed face by face, state the number of edges and ver- 
tices in the partially constructed figure for each value of F from 1 to 6. 
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2. Asks the pupil to prove Euler’s theorem for any polyhedron. 

Now by virtue of that peculiar psychological reaction which enabled the slave 
in the Platonic dialogue to give a Euclidean demonstration, which enables each 
bright student to satisfy the teacher unless he be ultra-socratic (and almost the 
only ultra-socratic teacher is the cold hard world) we may be reasonably certain 
that it will rarely happen that the cube is ever anything but a Flachenstiick in 
the course of its construction, or that any polyhedron so improper as not to obey © 
the theorem will be mentioned. The coédrdination in this case is of the classic 
type “ the blind leading the blind.” 

Inevitably some obvious connections must be missed, but the omission in 
Ptolemy’s theorem (page 78) of any reference to the theorem on a straight line 
- seems to require explanation. 

Occasionally hypotheses necessary to the conclusion are suppressed as in 
page 51, “ Prove 2° + y° + 2 > 3zyz.” These can be supplied by telepathy. 

The first part of the work is almost entirely on pure mathematics, only one 
section bearing a title suggesting applications, and this “ On the dip of a stratum ” 
might as well have been “ Napier’s rule of circular parts.” The second part 
contains in the scholarship papers a good deal of mechanics. 

In spite of all that has been specially pleaded the book may well serve a 
useful purpose, mnemonically, and lay some foundations for broader coérdina- 
tions. This is probably all the author expected. It should be serviceable to a 
teacher who desires problems not found in the usual run of American texts. 

' We note a few unimportant misprints, from which the book appears to be 
unusually free for a first edition. Page 21, line 15; page 46, line 9; page 81, line 2; 
page 120, line 15; page 124, line 12. The typography and makeup of the book 
are very good. 

R. P. BAKER. 


Tue University or Iowa. 


Plane and Spherical Trigonometry with Tables. By GrorGE WENTWORTH and 

Davin EvGENE Smitu. Ginn and Co. 230+104 pages. $1.35. 

The total content of this text is practically the same as that of the second 
revision of Wentworth’s Plane and Spherical Trigonometry, the principal differ- 
ences being the addition of a chapter on graphs and the omission of the chapter 
on “Applications of spherical trigonometry,” contained in the older book. More- 
over, the general treatment of the subject is the same and the proofs of the in- 
dividual theorems are, in most cases, identical. In the matter of arrangement, 
however, the two texts differ materially. 

In the present text the authors (as they state in the preface) have followed the 
rule of “‘ putting the practical before the theoretical.” To this end, after defining 
the trigonometric functions of acute angles, a large amount of space is devoted 
to problems illustrating the practical uses of each of them, first using natural 
functions and then logarithms. This covers 76 pages (including a chapter on 
logarithms) and it is not until page 82 that the student meets the definitions of 
the functions of angles greater than 90° and begins to get some insight into the 
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theory of the subject. This will probably appeal to some teachers as carrying a 
good idea rather far. The so-called “ fundamental relations” among the func- 
tions play a much less prominent part than in most other modern texts. They 
are proved on pages 12 and 13, but no special emphasis is laid on them and 
practically no use is made of them until page 95. Even in the later chapter on 
identities, the advice to the student as to “ how to prove an identity ” makes no 
mention of the use of the fundamental relations. It would seem that the great 
importance of these relations in later work in mathematics should warrant more 
effort to impress them upon the memory of the student. Circular measure of 
angles, inverse functions, graphs and trigonometric identities and equations, as 
well as the application of trigonometry to algebra are put in later chapters, after 
the solution of oblique triangles—the logical arrangement both for those who 
want these subjects and for those who do not. 

The book is well printed and bound and presents an attractive appearance. 
It is quite free from typographical errors, but has two rather surprising mistakes 
in definition on page 40: In line 1 a logarithm is defined as a power, instead of 
the exponent of a power, and in line 19 the statement is made that “ any positive, 
rational number may be taken as the base,”’ thus including unity and excluding e. 
Also, the treatment of negative characteristics is likely to be confusing to begin- 
ners. But these defects can easily be corrected by any competent teacher, and 
the book will no doubt receive the same cordial welcome that has been given to 
others of the same series. 

E. P. R. Duvat. 


UNIVERSITY OF OKLAHOMA. 


PROBLEMS AND SOLUTIONS. 
Epirep By B. F. R. P. Baker. 
[Send all communications to B. F. Finkel, Springfield, Mo.) 
PROBLEMS FOR SOLUTION. 


ALGEBRA. 
465. Proposed by CYRUS B. HALDEMAN, Ross, Ohio. 
Having given tan“! 1 = tan“ } + 4, show that 
tan 1 = tan?3+2 tan? 7, +3 
466. Proposed by E. B. ESCOTT, Kansas City, Mo. 
For what functions, f, are the following relations true: 
$(X,¥,Z) _f(¥, ZX) _ f(Z, X, 
y 
467. Proposed by IRA M. DE LONG, The University of Colorado. 
Determine the function, f, from the functional relation, f(z + y) = f(x) + f(y) + 2zy. 


f(z, y, 2) _ fly, 2,2) _ f(z, 2, y) 


, then 
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GEOMETRY. 
497. Proposed by NATHAN ALTSHILLER, University of Oklahoma. 
Find the locus of the mid-point of the segment determined by two spheres on any line passing 
through any point common to the two spheres. 
498. Proposed by FRANK R. MORRIS, Glendale, California. 


To trisect an angle ABC, on BA and BC take D and E equidistant from B. Using DE asa 
diameter draw the semicircle DFGE. With the same radius and D and £ as centers draw arcs 
locating the points F and G on this semicircle. Connect F and Gwith B. Prove that this method 
trisects a right angle and a straight angle and that it does not trisect an oblique angle. 


CALCULUS. 
415. Proposed by GEORGE PAASWELL, New York City, N. Y. 
If r is the distance from a fixed point (z, y, z) to a variable point (z’, y’), in the plane 
z = 0; determine the values of the integrals f if rdz'dy’ and J ; f log (z + r)dz'dy’ for the 
two cases 
(a) when the integration is extended over the surface of the circle of radius R; and 
(b) when the integration is extended over the surface of the rectangle of dimensions a, b. 


These integrals are special cases of the direct and logarithmic potentials, the densities of the 
surface distributions being taken as unity. 


416. Proposed by CHARLES N. SCHMALL, New York City, N. Y. 


If A be a point on a cycloid and C the corresponding position of the center of the generating 
circle, show that AC envelops another cycloid half the size of the first. 


MECHANICS. 
332. Proposed by E. E. MOOTS, University of Arizona. 


In any quadrilateral ABCD whose diagonals AB and BD intersect in E, lay off on AC from 
C, CF equal to AE. Join F to B. Join G, the middle point of BE, to D. On GD lay off GM 
equal to one-third of GD. Prove that M is the center of gravity of the quadrilateral. 


333. Proposed by CLIFFORD N. MILLS, Brookings, South Dakota. 


A flywheel 21 feet in diameter makes 100 revolutions per minute. The weight of a cubic foot 
of its material is 448 pounds. Show that the intensity of stress on a transverse section of rim, 
assuming that it is unaffected by the arms, is 1,176 lbs. per sq. in. If the safe stress permissible 
in the material is 6,000 lbs. per sq. in., show that the greatest speed at which the wheel can be 
run with safety is about 225 revolutions per minute. 


NUMBER THEORY. 
251. Proposed by HERMAN ROLAND KATNICK, Chicago, Il. 
Determine the character of the positive integer n so that the Diophantine system 
ztn=2, 


shall have an integral solution; and exhibit a method for finding all the values of z, y, z for a given 
n of such character. 


252. Proposed by E. J. MOULTON, Northwestern University. 
(A) Show that the number of integers z on the interval 10° = x < 10°+! which do not contain 
the digit 1 at least p times, p =r, is 
9-{[first p terms of expansion of (9 + 1)"] — -Cp_1-9"-?} 
where ,Cp_, is the coefficient of z?-! in the expansion of (1 + 2)’. 


(B) Show that the number of integers z on the interval 10" = x < 10°t! which do not contain 
the digit 0 at least p times, p =r, is 


9-[first p terms of expansion of (9 + 1)]. 


| 
| 


802 PROBLEMS. AND SOLUTIONS. 


253. Proposed by HERBERT N. CARLETON, West Newbury, Mass. 
Prove that n*+® — n% = 0 (mod 20) for integral values of n-and k. 


SOLUTIONS OF PROBLEMS. 


ALGEBRA. 


452. Proposed by CLIFFORD N. MILLS, Brookings, S. Dak. 
Find in the form of a continued fraction the positive root of the equation 2? — 2x —5 = 0, 


SoLution By Horace Otxson, Chicago, Illinois. 


Since the left member of this equation is negative for = 2, and positive for z = 3, the posi- 


tive root of this equation can be written 2 + (1/z2), where z2 > 1. Substituting this expression 
for x, we obtain 
2x3 10z;? 622 -—-1=0. 

By trial, we find that this equation has a root between 10 and 11. 

Putting = 10 + (1/z3), we obtain — 942;? — — 1 = 0. 

This process can be continued as far as may be desired. A convenient way of making the 
substitutions is to use Horner’s method of solving equations and then to reverse the order of the 
terms of the equation resulting from each step. From the nature of the process it is evident 
that each of the successive equations has one, and only one, root greater than 1, since the original 
equation has one, and only one, root between 2 and 3. The root of the original equation will 

This I find to be 


1 


Also solved by H. C. Fermster and J. W. CLawson. 


453. Proposed by A. J. KEMPER, University of Illinois. 


Is the series, whose terms are the reciprocals of all positive integers not containing the figure 
0, convergent or divergent? 


Sotution By E. J. Mouton, Northwestern University. 


I shall prove the following proposition: 

The series S whose terms are the reciprocals of all positive integers not containing the digit 
O at least p times, where p: is any positive integer, is convergent. 

Let us group the terms of S according to the number of digits required in writing the integers; 
that is, into groups g:, gs, -- + where the denominators 2,,; of the terms in g;4; satisfy the relation 


10° < 10H. 
The number of terms in g,,; can be shown to be 
(1) N(r +1) = 9: [first p terms of the expansion of (9 + 
= 9-[9" + + + + 
When r = 2(p — 1) we have ,Ci < < +++ < -Cp_1; and hence, 
Since each term in g,;1 is = 1/10", we have, when r = 2(p — 1), 


(3) 


| 
| 


PROBLEMS AND SOLUTIONS. 303 


Designating the right member of this inequality by u,+4:, we see that Du, is convergent, since 


r+1 
lim = tim 35 = 
Hence 2g, is convergent, and therefore also S is convergent. 

'  Nors.—One may generalize the proposition thus: 

The series S’ whose terms are the reciprocals of all positive integers not containing any 
combination C whatever of the digits 0, 1, 2, ---, 9 (which contains at least one digit) is convergent. 

For, suppose C contains p digits. It may be shown that there are not more terms in a group 
941 in this series than in the corresponding group g,4: previously discussed. When this is 
established the preceding argument proves the proposition. 

When the terms of the series are the reciprocals of all the positive integers the series diverges. 
The proposition states that if from this divergent series certain terms are stricken out a convergent 
series is obtained. This is not particularly surprising when one observes that obviously a very 
large percentage of the integers of a thousand places, for example, contain a zero, and hence most 
of the terms far out in the series are stricken out. 

Note.—This solution was received before the appearance of the article by Dr. Irwin on “ A 
curious convergent series” in the May Monrtuty. Dr. Irwin there proves this generalized 
theorem by a somewhat different style of argument. He gives on page 50 some details of the 
reasoning by which equation (1) above may be established.—Enp1rors. 


Also solved by A. H. Hotmes and G. W. Hartwe tt. 
454. Proposed by C. N. SCHMALL, New York City. 
Prove that a number is divisible by nine if, and only if, the sum of its digits is divisible by nine. 


SoLuTION BY FranK R. Morris, Glendale, California. 


Let a, b, c, d, -++ be the digits of any whole number, in order from right to left. Then this 
number may be written in the form 
a+ 10b + 100c + 1,000d + ---. 
Dividing by 9 the quotient is 
a/9 + (1 + 1/9)b + (11 + 1/9)c + (111 + 1/9)d + ---, 


which equals 
at+b+c+d+-:-:: 
9 


(b + lle + 11ld---) + 


The first term of this quotient is integral and the second term is integral only ifa +b +¢+d+ 
+++ is divisible by 9. Therefore, the number is divisible by nine if, and only if, the sum of its 
digits is divisible by nine. 

This proof holds for a number containing a decimal fraction, as may be seen by converting 
the number into a whole number divided by some power of ten. 

The above number may also be written 


a+ (9 +1)b + (99 + 1)c + (999+ 1)d+--- 
9b + 99c + 999d 
which is a multiple of 9 when (a +b +c+d-+ ---) is a multiple of 9. 
Also solved by Paut Capron, Swirt, J. W. CLawson, G. L. Wacar, 
H. C. Feemster, W. F. Rigas, NatHan ALTsHILier, E. F. Canapay, C. A. 


BaRNHART, O. S. Apams, G. W. A. W. Smira, E. E. 
Horace Otson, A. H. Hotmes, W. J. Tuome, H.S. Unter, and H. N. Carterton. 


or 


GEOMETRY. 
475. Proposed by ELMER SCHUYLER, Brooklyn, N. Y. 


Given two circles and a straight line, to draw a circle tangent to the line and coaxial with the 
two given circles. 


| 
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SOLUTION (COMPLETED) By Horace Oxson, Chicago, Illinois. 


Professor Hartwell’s solution of this problem in the June issue of the MonTaty is incomplete; 
it does not cover the case in which the given line is parallel to the radical axis of the circles. 

This case may be considered in two parts, according as the given circles do or do not intersect 
in real points. If they intersect in real points, the required circle passes through three known 
real points, and can therefore readily be constructed. 

If the given circles do not intersect in real points, we have z? — r? = c?, where z is the distance 
from the radical axis to the center of any circle of the system of coaxial circles, r is its radius, and 
c is a real constant ascertainable from the given circles; c is, in fact, the length of the tangent 
from the intersection of the line of centers and the radical axis to any circle of the system. The 
distance d from the radical axis to the given line is either x + r or z — 1, according as it is =e, 
z and r being here the z and r of the required circle. From these two equations, we find 

and r= 
Thus, the required circle is unique and can easily be constructed. Professor Hartwell’s second 
solution becomes, in the cases I am considering, r = »,r = ©; i. e., the radical axis itself. 


481. Proposed by PAUL CAPRON, U. S. Naval Academy. 


Show that the locus of the intersection of a pair of perpendicular normals to a parabola 
y* = 4pz is the parabola y* = p(x — 3p). 


SoLtuTion By F. M. Morcan, Dartmouth College. 


The line y = mz — 2pm — pm’ is a normal to the parabola for all values of m. If x and y 
are considered as constants, then the roots of this equation are the directions of the normals that 
pass through the point (z, y). Call the roots mi, m2, m3. Now, mimmm; = — (y/p). But if 
two normals are perpendicular, mymz = — 1. Therefore, m3 = (y/p). 

However, y = m3x — 2pm; — pm;?; i. 


ry y 
= 
y ’ 


which when simplified takes the form y*? = p(x — 3p). 


Also solved by Norman Annine, H. R. Howarp, Exisan Swirt, C. K. 
Rossins, J. A. Butuarp, H. L. Acarp, S. E. Rasor, T. O. Watton, R. W. 
Lorp, Horace Orson, C. M. Sparrow, G. W. HartweE tt, R. A. Jounson, 
C. A. Epperson, C. E. Dimicx, H. S. Unter, and the Proposer. 


482. Proposed by ROBERT G. THOMAS, The Citadel, Charleston, S. C. 


In laying out a kite-shaped mile race-track, composed of a circular 
arc and two intersecting tangents at the ends of the arc, determine the 
angle at the center of the arc (a) when the length of the arc equals the 
sum of the two tangents, and (b) when the arc is equal to the length of 
each tangent. 


SoLuTION BY WILLIAM W. JouHNson, Cleveland, Ohio. 


Let AP and BP be the two tangents, and ACB the arc compos- 
ing the race-track; O the center, and OB the radius of the arc. Let 
BOP = ¢, OB =r, and AP = BP =t. Then, the length of the arc 
ACB = r(2x — By the conditions in (a), (1) — ¢) = 24, 
and (2) r = t/tang. Eliminating r between (1) and (2), we obtain 
(3) ¢-+tan ¢ = x. By the conditions in (b), we have (4) 2r(x — ¢) 
: =t. Eliminating r between (2) and (4), we obtain (5) 29 + tan g=2rz. 
P Solving equations (3) and (5) by the Method of Successive Approxima- 
tions, we find from (3), angle g = 63° 45’ 38.657”. Whence, angle at center of arc = 2(r — ¢) 
= 232° 28’ 42.686”, answer to (a). From (5), angle ¢ = 74° 46’ 14.636”. Whence, angle at 
center of arc = 2(r — ¢) = 210° 27’ 30.728”, answer to (6). 
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Norr.—By the conditions in (a) or (6) the angle of the arc is independent of the total length 
of the race-track. 


Also solved by C. E. Dricx, H. L. Acarp, G. Paaswett, A. H. 
Paut Capron, W. C. C. K. Ropsrns, W. J. Toome, J. A. BuLLarp, 
H. S. User, and the Proposer. 


CALCULUS. 
342. Proposed by CLARIBEL KENDALL, University of Colorado. 


Referring to Poincaré’s Science and Hypothesis, page 65, show that the path between two 
points in Poincaré’s ideal world, requiring the least number of steps of beings such as exist on earth, 
is the arc of a circle cutting the boundary of the Poincaré world orthogonally. 


SotuTion By B. F. Finxeu, Drury College. 


Poincaré in his Science and Hypothesis, page 49, 1905 edition, says: “Suppose a world enclosed 
in a great sphere and subject to the following laws: 

“The temperature is not uniform; it is greatest at the center, and diminishes in proportion 
to the distance from the center to sink to absolute zero when the sphere is reached in which this 
world is enclosed. 

“To specify still more precisely the law in accordance with which this temperature varies: 
Let R be the radius of the limiting sphere; let r be the distance of the point considered from the 
center of this sphere. The absolute temperature shall be proportional to R? — r?, 

“T shall further suppose that, in this world, all bodies have the same coefficient of dilatation 
so that the length of any rule is proportional to its absolute temperature. 

“Finally, I shall suppose that a body transported from one point to another of different 
temperature is put immediately into thermal equilibrium with its new environment.” 

To make this problem concrete, suppose a man in this ideal world wishes to go from his 
house to his barn along the shortest path. From the nature of the problem, it is clear that the 
required path will lie in the plane of the house, barn, and center of the sphere. We shall assume 
this to be the case. Taking the center of the sphere as origin of rectangular coérdinates, let 
(xo, yo) be the coérdinates of the house and (x, y:) the coérdinates of the barn. Let the length 
of a step'be k(R? — r*). Then if ds is the length of an element of the path, ds/k(R? — r*) is the 
number of steps taken in traversing this element, and the tota! number of steps taken in going 
from the house to the barn is 


ds + dy 
Where y =>. 
k(R? — r*) zo k(R? — 2? — - dz 


This integral is to be made a minimum. The necessary condition for a maximum or minimum is 


= 0 where 
dy dzdy' 


Hence, we have 


dy 


d*y dy 
dz? 


or 


(Rt — — 


Transforming to polar coérdinates by the relations z = p cos 0, y = psin 0, we have 


| 
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Let p = Re. We then have, after some simplification, 


Whence, multiplying both sides by 2dz, and integrating, we have 


Hence, 
(3) 
and 
Using the + sign, we have 
— €*)dz (e@ — €*)dz 


dé = == 
VC? —(@&— VC? +4 €*) 


Whence, on integration, we have 


6+ C2 = ( 


or 
= 4sin (0+ C2) = 2C sin (6 + C2), 


where 
2C = WC? + 4. 
Replacing e by p/R and simplifying, we have 
p? — 2CRop sin (0+ C2) + R? = 0. 
Transforming to rectangular coérdinates, we have 
— 2CR sin Cor — 2CR cos + R? = 0, 


the equation of a circle orthogonal to the circle 2? + y? = R?. 


380. Proposed by C. N. SCHMALL, New York City. 
Show that 


1 1 1 
where the series in the’ brackets is infinite. 


Criticism on the solution published in the January, 1916, MontTu ty, page’23, 
by T. H. Gronwa.t, New York City. 


The solution as published is open to criticism, inasmuch as the integrability term by term 
of a uniformly convergent series is assumed for an infinite interval of integration. Now the 
familiar argument runs thus: 


N an integer, | Rx(x) | < € uniformly for a =z Sb, « arbitrarily small, and N sufficiently large 
(N = N,(e)); whence 


| f Ry(e)dz| < a), 


@z 
Be 
1+(%) 
2 Ci? 
log 1+ = log 
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from which the term by term integrability of S(z) follows when a and b are finite. The above 
inequality has, however, no sense when b = ©, so that the term by term integrability in an 
infinite interval demands further investigation. If one does not want to invoke general theorems 
in this direction, such as are given, for instance, in Bromwich’s Infinite Series or de la Vallee 
Poussin’s Cour d’Analyse, one may proceed as follows in this problem. 

Let 
1 


be uniformly convergent for s = 0; then the term by term integration in the finite interval 
0 Sa is legitimate: 


S(z) = 


= 3 arctan 
0 72 


Now arctan (a/n?) < (x/2) and all the terms of the right-hand series are positive; hence, for any 
N21 


| wr? 
aretan < Sade < 33 
Letting a tend toward infinity, while — N fixed, we find 


and finally letting N tend to infinity, 


3! 

JO 

This poini, that great caution should be exercised when inverting summation and integration in 

an infinite integration interval, or when the integrands may become infinite between the finite 

limits of integration, appears to me to be all the more important as the treatment of such questions 
in the current calculus textbooks is exceedingly inadequate. 


393. Proposed by LAENAS G. WELD, Pullman, IIl. 


Find the area of the least ellipse which can be drawn upon the face of a brick wall so as to 
inclose four bricks. 


II. Sotution By FRANK R. Morris, Glendale, Calif. 


In this solution the bricks are considered laid as in practical work. 

Consider two of the bricks placed end to end in the same layer, a third in the layer above with 
its middle at the joint of the first two, and the fourth similarly placed in the layer below. Select 
as the origin the mid-point of the joint between the two bricks in the same layer and choose the 
x-axis parallel to the layers. Let the equation of the desired ellipse be 


Since the four quadrants are symmetrical, it will be sufficient to consider the first one only. 
Call the upper, right-hand corner of the uppermost brick A and the corresponding corner of right- 
hand brick of the middle layer B. Let m represent the length of a brick and n its thickness. The 
ellipse will obviously pass through A or B or both. If it passes through A, whose codérdinates are 
(m/2, 3n/2), the equation is 


(3) (3) 
2 2 m? Qn? 


=1, or te = 4, 
Whence, 
3 
b=- and the area zab is 
4a? — m? v4a? — m? 
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which is a function, f(a), of the independent variable a. Differentiating, and setting the deriva- 
tive equal to 0, we have 
— m 
f(@) = (4a? — 0. 
Whence a = 0 or m/12. 

f’(@) increases continuously as a increases beyond m/ 2. Hence, the least ellipse which 
will inclose the four bricks will be the one in which a is as near m/~2 as possible. The smallest 
value of a is given when the ellipse passes through the point B, this value being greater than 
m/|~2. 

It is perhaps evident that the least ellipse passing through B would pass through A also. It 
could be proved in the same manner as the first case. 

The equation of the ellipse through B is 


n 2 
m? (5) 4m?  n? 
at 
Solving this simultaneously with the equation derived by substituting the codrdinates of A for 

a and b we have 


Hence the area zab is 


If allowance is made for mortar on all sides of each brick the solution is unchanged except 
m and n are increased by the thickness of the mortar. If the allowance is made at the joints of 
the four bricks but not at the points A and B, these points are ((m + t)/2, (8n + 2t)/2) and 
((2m + t/2), n/2) where ¢ is the thickness of the mortar. 


MECHANICS. 


317. Proposed by CLIFFORD N. MILLS, Brookings, South Dakota. 


Show that the maximum area contained between the path of a projectile and the horizontal 
line is v* ¥3/8g*, where v is the velocity of projection. 


SoLuTiIon BY Exisan Swirt, University of Vermont. 


If the particle is projected in a direction making an angle a with the horizontal, the equations 
of motion are, ¢ being the time, 


z=vecosa-t and y=vsina-t — }gi*. 
Equating y to zero, we find the path cuts the horizontal line through the point of projection when 


2v sina 
= in3 
t=Oandt = . The area is given by 9 which is to be a 


maximum. Setting the first derivative with respect to a equal to 0, we find a = 60°. The maxi- 


mum value of the area is then = ~ (v? being incorrect as given in the problem). 


Also solved by J. L. Ritey, W. C. THeEopore Howarp, Pau Capron, 
H. L. Acarp, Horace Oxson, H. S. Unter, and ELMer ScHUYLER. 


318. Proposed by C. N. SCHMALL, New York City. 


Given an inclined plane making an angle ¢ with the horizontal. A perfectly elastic ball is 
projected upward at an angle y with the inclined plane, so as to ascend it by bounds. Show that 
as the ball rebounds for the nth time, the angle of inclination of its path to the plane is 


tan ( ton ¥ ) 


1 — 2n tan ¢ tan y 


4g 
} 
| 
| 
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and if it rebounds vertically upward, then 
cot yy = (2n + 1) tan ¢. 


SoLuTion BY IMMANUEL Kuavrr, Chicago, 
The equation of the path is, if we let » + y = a, 


cos? 


The given inclined plane intersects this parabola at P; and the slope of the parabola at P: 1s 


y = ztana — 


dy ) jon 
tana = tan w. 
The angle of inclination of the first rebound is 


m+e 
where w; is the complement of w. We have 


_ tanoi+tang  tang—tanw _ tana — tang _ _—itany 
1l—tanwtang l+tanwtang 1—2tanytang’ 


The analysis for the subsequent rebounds is the same; the angle of projection with respect to 
the inclined plane is for the nth rebound 


tany 
1 — 2(n — 1) tany tan ¢ tan 
= 1 = 1 - 
Yo 2 tan tan ¢ tan y tan -) 


"je 2(n — 1) tan y tan ¢ 
If the ball rebounds vertically, we have 


___tanytang 
tan (ya + = @, i 1 — 2ntany tan ¢ 


Whence, 1 — (2n + 1) tan y tan ¢ = 0; and cot y = (2n + 1) tan ¢. 
Also solved by H. S. Unter, Horace Oxson, and the Proposer. 


= 0. 


NUMBER THEORY. 


185. Proposed by BR. D. CARMICHAEL, Bloomington, Indiana. 


Obtain the complete solution of the equation ¢(p*) = ¢(q®8) where ¢ denotes Euler’s ¢- 
function, p and gq are unknown primes, and a@ and @ are unknown integers. 


Criticism By T. H. Gronwauu, New York City. 


The solution of this problem on page 227, Volume XX, September, 1913, is 
open to criticism. From the equation: 


— 1) = 
where p and q are primes, and p > q, it follows that 
p—1=dq*, q—1=Ap*" 


where d is‘a positive integer. Since q < p, the second equation shows that a = 1, 
and consequently \ = q — 1, 


p=1+ 1)", 


— 
| 
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and here the prime gq and the exponent 8 have to be chosen so that p becomes a 
prime. The error consists in assuming \ = 1 and hence g = 2; that this does 
not give all the solutions, is evident from the examples: 


q=2, B= 2, 3,5 q=3, B=2, 3,5 gq=5, B=3, 5 
p = 3, 5, 17 p= 7, 19, 163 p = 101, 2501. 


214. (April, 1914.) Proposed by A. J. KEMPNER, University of Illinois. 


Let a be a positive integer = 2, and let 7'(n) denote the number of distinct divisors of the 
positive integer n, including both 1 and n, so that 7(1) = 1, T(2) = 2, T(8) = 2, T(4) = 3, -+>. 
Show that 


The special case a = 10 gives, as is easily seen: 


1,1, 
92 


SoLuTion By Frank Irwin, University of California. 
We prove the proposition first for the special case, a = 10. We have, 
1/9 = .11111111--., 1/99 = .01010101---, 


1/999 = .001001001--., 1/9999 = .00010001---, 
and so on. 
Let us determine the sum of all the digits in the nth decimal place. Since the kth row of the 
above array reads 
1/99---99 = .00-+-00100---001---, 


with k 9’s on the left and (k — 1) 0’s in each recurring period on the right, it follows that we get 
a 1 in the nth decimal place whenever k is a divisor of n, and otherwise a zero. We have, then, 
7 (n) units in this place, and since a unit there has the value 1/10", their sum is 7'(n)/10"; and the 
sum of our series, 1/9 + 1/99 + 1/999 + ---, is equal to 


n=0 
T(n)/10", 
n= 
as was to be proved. 
(It is clear that, regarding the array as a double series, we have a right to put the sum by 
rows equal to the sum by columns.) 


In the general case, where we have any a, we need merely suppose the decimals above written 
in the scale of a, instead of in that of 10, 


1/@—1) =.1111---, 1/@-—1) = .0101---, ete., 
and a like argument holds. 


QUESTIONS AND DISCUSSIONS. 
[Send all Communications to U. G. MITCHELL, University of Kansas, Lawrence, Kans.] 
DISCUSSIONS. 


I. Revatine To Naprer’s LoGaritamic Concept. 


By H. S. Carstaw, University of Sydney, Australia. 


In the March number of the Monra.y, page 71, Professor Cajori takes excep- 
tion to the following remark, contained in a paper of mine in the Mathematical 
Gazette (Vol. VIII, page 77): 
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It is sometimes stated that Napier’s Logarithms were obtained from the codrdination of 
two definite series, an arithmetical and a geometrical. For instance, Cajori, in his recent paper 
on the “History of Logarithms,” says: 

“Letting v = 10’, the geometric and arithmetic series of Napier may be exhibited in modern 
notation as follows: 

0, 1 n coe 


The numbers in the upper series represent successive values of the sines; the numbers in the lower 
series stand for the corresponding logarithms. Thus log 10’ = 0, log (107 — 1) = 1, and generally, 
log [107(1 — 10~-7)"] = n, where n = 0, 1, 2, ---.” 

This statement is incorrect. In Napier’s Tables the logarithm of (107 — 1) is not 1. It 
lies between 1 and 1.000,000,1, and he takes it as the mean between these two numbers, namely 
1.000,000,05. 


I am sorry that Cajori does not also quote the next sentence in my paper: 
“Tf Napier had used these two series in the way named above, his work would 
have more closely resembled that of Biirgi than actually is the case.” These 
words, and the other references to Biirgi’s Tables in my paper, were meant to 
direct attention to the distinction to which I referred. 

Biirgi’s work was entitled Arithmetische und Geometrische Progresstabulen, 
and the point I was anxious to make clear was that the fundamental conception 
in Napier’s definition of a logarithm involved far more than the coérdination of 
an arithmetical and a geometrical progression. If Napier’s logarithms had been 
the numbers in the series 

«++ 


and his anti-logarithms (in our use of the term), the numbers 


1 


then the only difference between his work and that of Biirgi would have been 
that the latter employed the series 


10 X 0, 10 X 1, 10 X 2, --- 10Xn, +--+ (A.P.), 


‘ 2 n 
108, 10°(1 + 10° (1+ 75) GRD, 


instead of the A.P. and G.P. which Cajori quotes. 

It is, of course, true that geometrical series occur in Napier’s work. The 
first 101 terms of the above series are, in fact, the numbers of his “ First Table.” 
And such series were employed in his computation, because, with his definition 
of a logarithm, the logarithms of numbers in geometrical progression have a 
constant difference. 

Cajori argues in his last communication that it is in the computation, not in 
the definition, or theory, that Napier passes from the coérdination of the arith- 
metical and geometrical progressions. In this I cannot agree with him. The 
kinematical definition of a logarithm (cf. Constructio, § 26) indicates, as I have 
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said in another place,! “that he had already in his mind, though it may be very 
dimly and vaguely, the principles on which Newton, some 50 years later, built 
up the differential calculus.” And it is one of the most amazing features of 
Napier’s work that his kinematical definition of a logarithm should have suggested 
itself to him before the invention of the calculus. 

It seems to me that Cajori reads into our interpretation of the word logarithm 
—the number of the ratios—that the fundamental conception in Napier’s work 
was the codrdination of the arithmetical and geometrical series. My view rather 
is that Napier started with this coérdination—the idea was not new—and very 
probably invented his word logarithm in connection with it. Later, I believe, 
he advanced to the much more general principle involved in his definition and 
treatment.2 However, as Gibson remarks,’ “Napier alone knew the derivation 
of the word, and dogmatism in the matter is out of place.” 


Sypney, AUSTRALIA, 
April, 1916. 


CoMMENT BY FLorian CaJort, Colorado College. 


In the Mathematical Gazette of May, 1915, p. 78, Professor Carslaw criticized 
me for writing Nap. log (10’—1)=1 instead of Nap. log (10’—1)=1.00000005. 
In my reply‘ I quoted from Napier’s Constructio to show that Napier himself con- 
sidered both values as differing “insensibly ” from the true value and that mystate- 
ment was therefore not “incorrect.” I made some other observations but made 
no reference to Biirgian logarithms, since they are irrevelant to the question. 

In the present note Professor Carslaw no longer offers any objection to 
Nap. log (10’—1)=1, but claims that I ignore the kinematical definition of 
logarithms given by Napier. While in my former reply I laid no emphasis 
upon that point (it had not been raised in Professor Carslaw’s first criticism), I 
said enough to show that I had it in mind. What else could my reference to 
Napier’s “theory of moving points” mean? 

That Professor Carslaw should claim that I ignored Napier’s kinematical 
definition in my History of the Exponential and Logarithmic Concepts, published 
three years ago, is an indication that he has not read with care my account of 
Napier. I lay very special emphasis upon that definition, where I say: 


1 Proc. R. S. New South Wales, Vol. XLVIII, p. 55, 1914. 

2In his study of “Logarithms and Computation” in The Napier Tercentenary Volume the 
great authority on this subject—Dr. J. W. L. Glaisher—refers more than once to the fact that 
Napier’s manner of conceiving a logarithm involved quite a new principle. E.g., on p. 69 he says: 
“T find no difficulty in perceiving that logarithms might have been introduced at that time in 
such a manner, as we know that Jobst Biirgi did actually conceive antilogarithms, 7. ¢., as a 
correspondence between (1.0001)" and 10r, for integral values of r, with interpolations; but 
Napier’s conception of a logarithm was of a much more subtle kind, and involved the principle 
of a mathematical function.” 

3 Cf. The Napier Tercentenary Volume, p. 115. 

4 AMERICAN MATHEMATICAL MonrTBLY, vol. 23, p. 72. 

5 Tbid., vol. xx, p. 6. 
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“Napier based his explanations upon two considerations: (1) the geometrico-mechanical 
concept of flowing points, (2) the relations which exist between arithmetic and geometric series. 
. . . Napier lets the point g move along the definite line 7'S with a diminishing velocity such 
that its velocity at T is to that at d, as the distance 7'S is to the distance dS. At the same time 
Napier lets a point a move along the line be (which is of indefinite length) with a uniform velocity 
which is the same as the initial velocity of the point g. If the two points start to move at the 
same moment, and if g is at d when a is at c, then the length bc is defined as the logarithm of dS. 
Napier constructed tables for trigonometric computation. With that end in view he lets TS 
stand for the radius, assigning to it the value 10’, while dS stands for a given sine. At that time 
trigonometric functions were not thought of strictly as ratios.” 


Then I give Napier’s kinematical definition in his own words; it is the very defini- 
tion in the Constructio, § 26, which Professor Carslaw says in the above communi- 
cation that I ignore. What more could I do to emphasize this kinematical 
definition? 

As an easy deduction from this kinematical definition is the one-one corre- 
spondence between arithmetic progressions and geometric progressions used by 
Napier in his computations. The part of Professor Carslaw’s criticism which 
I consider valid is that Nap. log (10’ — 1) = 1.00000005 exhibits “Table I” 
in Napier’s Constructio somewhat more closely than does Nap. log (10’ — 1) = 1. 
This I admitted in my former reply. 


Cotoravo SprRInGs, 
June, 1916. 


II. RELATING TO THE QuADRATIC Factors OF A POLYNOMIAL. 
By O. E. Guenn, University of Pennsylvania. 


The process of finding by trial the rational roots of an equation f(z) = 0 
with integral coefficients, depending upon the resolution of the last coefficient 
into its prime factors s;, 2, --- and the first coefficient into its prime factors 
11, T2, +++, and testing by division the possible factors x — s/r, is given as an iso- 
lated method in books on elementary theory of equations, with no suggestion 
that it is capable of extensions. As an incident in a published paper! on De- 
generate Curves I have shown, however, that this process is a particular mani- 
festation of a general one in which, by a finite number of arithmetical trials, one 
can determine any polynomial g(x) with integral coefficients which is a factor 
of f(x). As applied to quadratic factors of f(x), and especially when f(z) is a 
quartic, the extended method is very useful. 

By multiplying the roots of f(x) = 0 by a properly chosen integer we can 
assume it in the form 


= + + +++ + Dn = 0, 


where the p’s are integers. Let a quadratic factor of f(x), with integral coeffi- 
cients, be x? — fe — n. If the roots of f(z) = 0 are — 21, — 22, +++, — tn, We 
may assume — = 2, + 2. 


1 Amer. Journal of Math., vol. 32 (1910), p. 79. 


= 
= 
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We can then prove the following result, under the hypotheses: 
The integer & must be a prime factor of the integer 


Pp = (1 + + 23) +++ + 
(a2 + 23) +++ (a2 + an) 


+ a), 


or a product of prime factors of Pn. 

The number P,, is an integer because it is a symmetric function of the roots 
and hence is rational and integral in the integers p1, po, ---, Pn» The fact that & 
divides P,, algebraically does not, however, prove the proposition stated. We 
prove it as follows: Let the equation whose roots are the (n) = n(n — 1) numbers 


— (4; + 
be 


(1) EM) EO + Yin) = 0. 


Then all of the functions ¢;, being symmetric in the roots, x;, are integers, 
and gin) = Pn». Now é, an integer, satisfies this equation, and is a factor of all 
terms up to the last. Hence é is a prime factor of P, or a product of its prime 
factors. Likewise 7 is a factor of pn. 

It is now evident that in order to discover any quadratic factor of the required 
type of f(x) we have only to resolve P, and p, into their prime factors and, with 
a factor of P, as &, and a factor of p, as 7, test the resulting quadratic for divisi- 
bility into f(z). 

In the case of a quartic polynomial f(x) = a*+ pia? + pox? + psx + pay 
we find 


PiPp2P3 — ps". 


If P, or p, contain a large number of prime factors the number of trial divisions 
required to apply the method may be reduced by making use of the formulas 
for upper limits to the roots. If Z < 1 is a superior limit to the absolute values 
of the roots, then 2Z is a superior limit to | | and LZ? a superior limit to |7|. It 
is important to note, as well, that in the case of the quartic the £’s of the two 
quadratic factors, as £1, £, must satisfy the condition £,-+ & = — p:. These 
conditions often render the number of tests required to resolve a quartic as small 
as the number required in case of the linear factors. 

For illustration consider the quartic 


f(x) = at — 62° + 32? + 227 — 6 = 0, 


whose solution, in condensed form, under the theory where the reducing cubic 
has a commensurable root, is given on page 243 in Volume I of Burnside and 
Panton’s Theory of Equations (sixth edition). 
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We have 
P,= — 23.83, — 2.3, 


and 6 is a superior limit to the roots. Hence 
Eé=+1,+2, +4, + 8; n=+1, 4+2,4+3, +6. 


But &, + & = 6, hence the pair (£1, £) is either (— 2, 8) or (2, 4), t.¢., & 
— 2. The maximum number of unsuccessful trials is 15. With ~ = 2, 
we have, employing an obvious extension of synthetic division, 


—4-—8- 2% 


Thus the remainder az + 6b is zero and 


f(x) = (2? — 2a — 6)(2? — 4a + 1). 


Further illustrations of quartics with irrational roots follow. 
Let 
f(x) = — — 62? + +3=0. 
Then 
= 2, ps = 3; g=+1, + 2; n=+1, +3. 


The only pair (£1, &) for which & + & = 1 is (— 1, 2). Hence the maximum 
number of unsuccessful trials is three. We find 


f(x) = (2 + x — 3)(2? — 22 — 1). 
Exercise 1.—Show that the equation 
+ 423 — 422-177 + 10 = 0 


can be resolved by less than nine trial divisions, and that the roots are 
3(— 1+ V21), 3(— 3+ 17). 


Exercise 2.—Solve the equation 


a! +- 423 +- 42? — 162 + 28 = 0. 


NOTES AND NEWS. 


Senp att Communications To A. Rornrock, Indiana University. 


The Secretary of the Association, Professor W. D. Carrns, is on leave of 
absence from Oberlin College during the present academic year. Until further 
notice he will be in residence at the University of Chicago and his official address 
will be 5465 Greenwood Avenue, Chicago, Illinois. 


| 
| 
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At Dartmouth College, Dr. C. N. Haskins has been promoted to be Pro- 
fessor of Mathematics on the Chandler Foundation. 


Dr. R. W. Burasss, formerly of Cornell University, has been appointed to 
an instructorship at Brown University. 


Dr. NATHAN ALTSHILLER, who was last year at the University of Colorado, 
has become instructor in mathematics at the University of Oklahoma. 


Dr. A. A. Bennett, formerly instructor at Princeton University, has been 
appointed adjunct professor of mathematics at the University of Texas. 


Mr. F. E. Woop and Mr. GLEason, graduate students at Princeton Univer- 
sity, have been appointed to instructorships at Northwestern University. 


‘Mr. F. L. Smith, formerly instructor at Northwestern University, is now in- 
structor in mathematics at Princeton University. 


Dr. R. E. Gilman, formerly instructor at Princeton University, has been 
appointed to an instructorship at Cornell University. 


Mr. C. M. Reynolds, Jr., has been appointed to an instructorship in mathe- 
matics at Wesleyan University, Middletown, Conn. 


Mr. Carl A. GARABEDIAN goes to New Hampshire State College for the coming 
year as instructor in mathematics. 


Professor Eva S. Maauort, for the past thirty-two years professor of mathe- 
matics in Ohio Northern University, died during the summer vacation. 


Mr. L. L. Locks, of the Brooklyn Training School for Teachers, conducted 
classes in the history and pedagogy of mathematics at the summer session of 
Grove City (Pa.) College. 


Mr. H. W. Myers, who has recently taken the master’s degree at the Uni- 
versity of Chicago, has been elected to the professorship of mathematics at 
Huron College, Huron, South Dakota. 


Dr. A. M. Harpine has returned to the University of Arkansas as professor 
of mathematics and university examiner after a year’s leave of absence spent 
in study at the University of Chicago, where he received the doctorate in June, 
1916. 


At the University of Nebraska, Mr. A. H. Gist has been transferred from the 
department of mathematics to that of physics and Dr. ExizaBetH B. GRENNAN 
has resigned. Mr. Albert Bassrrt and Miss Mary Cotpirts have been appointed 
to instructorships in mathematics. 
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Dr. J. C. Duncan, instructor at Harvard University, has been appointed 
professor of astronomy and director of the Whitin Observatory at Wellesley 
College. 


On account of the war, many of the European periodicals are weeks and even 
months late in arriving in this country. It is reported that L’Education Mathé- 
matique and Revue de Mathématiques Spéciales have suspended publication. 


At the University of Kansas, Dr. Sotomon Lerscuetz and Mr. J. J. 
WHEELER, instructors in mathematics, have been promoted to assistant pro- 
fessorships, and Mr. E. B. MiLuer has been appointed instructor in mathematics 
for the year 1916-17. 


Dr. Joun P. D. Jonn, former president of De Pauw University, Greencastle, 
Ind., died on August 7, at the age of seventy-three. Dr. John served as professor 
of mathematics at De Pauw from 1882 to 1889, when he became president. He 
served as president from 1889 to 1895, resigning to go upon the lecture platform. 


Dr. K. P. Witttams, assistant professor of mathematics at Indiana Univer- 
sity, served as first lieutenant in the first regiment of Indiana troops now stationed 
on the Mexican border at Llano Grande, Texas. It was ordered, however, that 
troops constituting college units should be mustered out of service on September 1, 
that the men might continue their college work. 


The Mathematical Gazette, May, 1916, contains an interesting article by 
Professor H. S. Carstaw on “A progressive income-tax,” a scheme of taxation 
introduced in Australia. Schedules are deduced for “Rate of tax upon income 
derived from personal exertion,” and “ Rate upon income derived from property.” 
The same number of the Gazette also contains a paper by E. H. NEvILLE on the 
“So-called cases of failure in the solution of linear differential equations.” 


According to cable reports from London, the Council of Trinity College, 
Cambridge, has removed Professor BERTRAND RussELt from his lectureship in 
logic and principles of mathematics on account of his having been convicted 
under the defense of the realm act for publishing a leaflet defending the “Con- 
scientious Objector” to service in the British army. Professor Russell is well 
known in this country through his mathematical writings. 


The Annals of Mathematics, June, 1916, contains the following: “On the 
wronskian test for linear dependence,” by M. Bécuer; “Note on a theorem of 
envelopes,’ by W. R. Lonatey; “Non-essential singularities of functions of 
several variables,” by D. Jackson; “A congruence of circles,” by F. W. BEA; 
“A case of iteration in several variables,” by A. A. BENNETT; “The arithmetic 
genus of an algebraic manifold immersed in another,” by S. Lerscnetz; “A 
characteristic property of self-projective curves,” by L. L. Dinzs. 
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Professor E. D. Grant, of the Michigan College of Mines, Houghton, Mich., 
was given the degree of Ph.D. in mathematics at the September Convocation 
of the University of Chicago. Others receiving the doctorate in mathematics 
at this time were Mr. Arcure S. MERRILL, who goes to the University of Montana 
as assistant professor, and Miss Gittre Larew, who returns to her post as pro- 
fessor of mathematics in Randolph-Macon Woman’s College. 


Hunter College for Women, New York City, maintains a lively Mathematical 
Club, to membership in which all students specializing in mathematics are 
eligible. The club has for its aim the study and investigation of mathematical 
subjects which are crowded out of the ordinary curriculum. Reports are given 
once a month on such topics as: “Non-Euclidean geometry,” “Geometry of 
motion,” “Hyperspace,” “The golden age of mathematics,” “The nature of 
mathematics,” “Zero,” “Early surveying instruments,” “The earliest mathe- 
maticians,” etc. Meetings are held once a month, and a small membership fee 
is charged. 


The attention of members is called to a proposed agreement between the 
Association and the Annals of Mathematics, to be found elsewhere in this issue 
among the actions of the Council. This agreement will not go into effect unless 
it is finally ratified by the Council after the views of the members have been 
secured. Comments should be mailed to the Secretary at an early date. (His 
present address is 5465 Greenwood Avenue, Chicago, II.) 

Articles of an expository nature have appeared from time to time in the 
Annals, many of which have been of real importance and of great value to mathe- 
matics in this country. It is felt that a greater opportunity for publication of 
articles of this type is much needed, and that the encouragement of such work 
is a proper function of the Association. The further opportunity to assist in the 
promotion of such a worthy project seems very attractive to many of those 
who have given it consideration. 

The advantage secured to the members of the Association whereby the 
enlarged Annals may be obtained at a price actually less than the present price 
will certainly commend itself to all, and it is hoped that, if the arrangement is 
finally consummated, many members will avail themselves of this opportunity. 

The plan mentioned above will in no wise interfere with the present policy 
of the Montuty. The papers which properly appear in the MonTHLY are 
necessarily brief, since a variety of articles of different types is needed. In fact, 
the pressure upon the Monraty by the large number of good articles of this sort 
and by the numerous other necessary features well illustrated in the present 
issue, has already caused the expansion of the Montuty by at least twenty 
per cent. in the current volume, and still further enlargement will be required in 
the near future. 


The attendance at the first summer meeting of the Association was most 
gratifying, especially in view of the fact that the threatened strike on the rail- 
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roads came just at the time when those at a distance were preparing to start. 
Many were thus deterred from going who had definitely planned to be present. 
Nevertheless, the 111 members in attendance were widely distributed and 
represented all parts of the country in about the proportion that might be ex- 
pected; namely 48 from New England, 27 from the Middle States, 27 from the 
Middle West, five from the South, and three from the far West. 


The twenty-third summer meeting and eighth colloquium of the American 
Mathematical Society were held at Harvard University during the week of 
September 4-9, 1916. About ninety-eight members were in attendance and over 
forty papers were presented. The freshman dormitories of Harvard University 
were opened for the accommodation of the members, and in this way all were 
thrown together in social intercourse far more effectively than would have been 
the case if they had been scattered about in the Boston hotels. 

Eighty-four persons attended the dinner on Monday evening, where the 
after-dinner addresses were devoted chiefly to the early history of the Society, 
it being the twenty-fifth anniversary of its organization as a national body. 
Professor Tuomas S. Fiske, who was the moving spirit in organizing the New 
York Mathematical Society in 1888, was also chiefly instrumental in the move- 
ment for expanding this local body into the American Mathematical Society in 
1891, though this name was not actually taken until 1894. Professor Fiske, 
being the member of longest standing present at this meeting, was appropriately 
selected to speak on the early history of the Society, and he gave many inter- 
esting items of a personal character, including the reading of letters written to 
him as Secretary by Professors A. R. Forsyrn, ArtHuR Cay ey, and J. W. L. 
GuaIsHER, of Cambridge, England, and by Professors Simon NEwcoms, HENRY 
B. Fine, Wootsty JoHnson, and Dr. Emory McCuinrocx, of this country. 
Professors Johnson and Fine were also present and gave personal reminiscences 
in response to the call of the toastmaster. It was made clear that the founding 
of the Bulletin, and later of the Transactions, had been the two great steps taken 
by the Society in establishing its place in the mathematical world as a producer 
of research of a high character. Other speakers were Professor G. D. Brrkuorr, 
who acknowledged the great indebtedness to the older men who have made 
possible the present high standards of the Society and spoke of the great re- 
sponsibility resting upon the younger men for maintaining and advancing these 
standards; Professor F. N. CoLr, who praised the constitution and harmonious 
working of the Society and the devotion and willing service of its officers past and 
present; Professor A. G. WEBSTER, who is one of the Society’s representatives on 
the United States Naval Board; Professor J. L. CootipGe, who extolled the ideals 
of the mathematicians; and Professor E. R. HEprick, who spoke of the relations 
of the Society to its younger sister, the Mathematical Association of America, 
and pledged the support of the new Association in every good work within its 
field for the advancement of the interests of mathematics in this country. 

On Tuesday evening, Professor D. E. Smith entertained the members in an 
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informal gathering by reading an exceedingly interesting paper on “The History 
of Problems.” 

The colloquium lectures were delivered by Professor G. C. Evans of Rice 
Institute on “Topics from the Theory and Applications of Functionals, including 
Integral Equations”; and Professor Oswald Veblen of Princeton University on 
“Analysis Situs.” Each gave five lectures, the two courses extending over the 
three days, September 6 to 8. This was the eighth colloquium which the Society 
has held, the last one before this having been at the University of Wisconsin 
two years ago. These courses of lectures are now published in book form by the 
Society, and thus a series of volumes quite unique in character in the research 
field is coming into existence. 

This was unanimously regarded as the most successful summer meeting 
ever held by the Society, the attendance at both this meeting and that of the 
Association having undoubtedly been stimulated by the juxtaposition of the two. 


On the second and third following pages are reprinted the Constitution and 
By-Laws of the MATHEMATICAL ASSOCIATION OF AMERICA, together with the list 
of officers and members of the Council for 1916. Special attention is called to . 
Article III, Sections 1 and 2, of the Constitution and Section 2 of the By-Laws 
(concerning officers, tenure of office, and election of officers) by way of prepara- 
tion for the first application of these regulations to be made about November 
first. The provision for nomination of officers through open primaries was 
intended to emphasize the opportunity presented to every member for active 
participation in the affairs of the Association. 


Further attention is called to Article III, Section 3, of the Constitution which 
deals with the method of transacting the official business of the Association. 
While the Council, as a representative body, is vested with full authority in all 
matters, yet it may not “make or alter any question of policy” without first 
giving all members of the AssocIATION ample opportunity for the expression of 
opinion for or against such proposed action. The first opportunity for individual 
participation under this provision of the Constitution is now offered in connection 
with the proposed agreement with the Annals of Mathematics explained on page 
288 of this issue. 
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